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The theory of Weak turbulence of a plasma has been investigated 
in many papers [1-5].  It has been established that weak turbulence 
may be described by means of the kinetic wave equations. Here the 
collision term in the kinetic equation is the sum of two substantially 
different components. The first of these has the character of nonlinear 
wave damping and differs from zero in those cases where interaction 
between waves and particles is significant. It has a comparatively 
simple mathematical nature and can be analyzed. The second com- 
ponent is specifically a collision term, it depends closely on the form 
of the spectrum in the medium and describes the exchange of energy 
between different groups of waves. The case when the second compo- 
nent plays the principal role in the collision term has scarcely been 
studied. The present paper is devoted to a study of this case. 

The analysis is carried out for a simple isotropic model of a 
medium with an almost linear dispersion law, but with a positive 
second derivative; we shall call such a spectrum a decay spectrum. 
This model is much closer to reality than the model considered in 
[6]. The results obtained from this model are evidently fairly general 
in character and express substantially the regularity of behavior of 
weak turbulence in media with a weak decay spectrum. The basic 
result of the paper is as follows: apart from the Rayleigh-leans solu- 
tion, there exists another solution which reduces the collision term to 
zero. This solution corresponds to a process which is substantially 
nonequilibrium, and may be realized in actual problems, where there 
are always wave sources or transfer terms playing the same part. only 
in cases where there is wave damping in the medium with a coefficient 
which increases fairly rapidly into the region of large k. Here the uni- 
versal character, as it were of the nonequilibrium process is realized. 

NOTATION 

k wave vector; 
e a parameter characteristic of the dispersion; 

{% wave frequencyi 
3'k density of wave sources; 

Vkk'~-the matrix element describing the wave interactions; 
r(s) gamma function; 

u a variable describing the medium; 
k 0 boundary of instability region; 
ae complex wave amplitude; 

yk a damping decrement; 
n~ wave density in k space; 
k x boundary of the region of transparency; 

N k wave density in spherical coordinates; 
v instability increment. 

We cons ider  waves  in a m e d i u m  descr ibed  by a 
s c a l a r  function of coord inates  and t i m e  u.  This  quan- 
t i ty  obeys  the equation 

0Su (A --  eAA) u = Au 2 (1) 
0t a 

(8 > 0) (A - -  Lap lac i an  o p e r a t o r ) .  

We c a r r y  out a F o ur i er  t rans format ion  with r e -  
spect  to coord inates  

02uk I ot~ t- o>juk  ---- k s u,..u,~_,,.dk' (o,,~ = k "~ + ek4) .  (2) 

We p a s s  to  the  new v a r i a b l e s ,  c o m p l e x  wave  a m -  
p l i tudes ,  

uk + iu k" 

We obtain the equation for these quantities 

a k" -~- i(Oka k -.~ -- i I Vkk'k" (ak, ak"6k-k'-k" 

"~- 2ak'*ak"Sk+k'-k" 27 ak'*ak"*~k+k'+k") dk 'dk ' ,  (3) 

Vkk'k" = g g  k(0k0}k.0)k. ] �9 ( 4 )  

We shal l  cons ider  the c a s e  k ~ I / ]/~-. Here we 
may  set  

t k,, 1),/, Vkk.k.~ ~--~ (l k I ]k'l] . (5) 

In order  to obtain the kinet ic  equation, we must  
apply the theory  of perturbations to Eq. (3). We shal l  
determine  its  cr i t er ion  of appl icabi l i ty .  To do th is ,  
we carry  out the change of var iable  

ak = ck exp ( "  i o ) k t )  

0ek I 0-7 -- - -  i Vkk'k" [Ck'Ck" exp ( i t  ( (ok  - -  o)k, - -  

- -  ok,,)) 5k-k'-k" 27 -.. ] d k ' d k "  . 

We choose ck ~ = ce~_k.. Then 

Vsko, ko, ko r 
Ck(1) ~-- Cl~k_2ko) Cl ~--- 

(~ - -  (0k, = 4e [ k0~ 7~ " 

The condi t ion  of  a p p l i c a b i l i t y  of p e r t u r b a t i o n  
t h e o r y  i s  

ClUe, or nk~IOeSk s for nk=]Ck[ s. (6) 

Condition (6) shows that the less the wave spec- 
trum departs from the linear, the smaller is the al- 
lowable wave amplitude for which perturbation theory 
and the kinetic equation may be used. This is con- 
nected with the fact that for spectra which are close 
to being l inear ,  resonance  interact ions  between waves  
which do not lead to a randomiz ing  of  phases  may  play 
a large  part .  

The kinet ic  equation for  the problem under cons id -  
erat ion has the form 

0n k 
o-7 + 2Tknk = 

= --g- (J k I t k'l I k" 1) '/, {Sk-k'-~"8~k-~.~,-~k,, (nk'nk" - -  2nknk') + 

+ 2bk+k,_k-~5~k+~k,-~k,, (nwnk,,  + nknk', - -  nknk')} d k ' d k " .  (7) 

We sha l l  s e e k  s p h e r i c a l l y  s y m m e t r i c a l  so lu t ions  
of th is  equation.  We introduce  the new quantity N k = 
= kSnk . After  averag ing  over  ang les ,  we have  

k 

Ot -Jr- 2TkNk = 2n 4 st (N, N) = 2n 4 N ~ , N ~ _ r d k '  - -  

k r 0 

o o 
4Nk ~ 8Nk ~o 

o 
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In a v e r a g i n g  we a s s u m e  tha t  w k = Ikl a p p r o x i -  
m a t e l y .  In t h e s e  equat ions  27~N~ is  the  dens i t y  of  wave  
s o u r c e s  f o r m a l l y  i n t r o d u c e d .  

We now inves t i ga t e  the  p r o p e r t i e s  of the  o p e r a t o r  
s t  (N, N). It i s  c l e a r  tha t  i t  i s  def ined fo r  funct ions  
d e c r e a s i n g  m o r e  r a p i d l y  than  1 / k  2 fo r  k ~ ~o. At  
f i r s t  s ight ,  i t  s e e m s  tha t  t h e s e  funct ions  m u s t  d i -  
v e r g e  fo r  s m a l l  k .  However ,  th i s  is  not so .  Ac tua l ly ,  
a l l  the  t e r m s  which d i v e r g e  f o r  s m a l l  k a r e  g rouped  
t o g e t h e r  in the  i n t e g r a l  

V2k [-,2., O~Nk '~ 
2 I Nlc' (Nl~-l,, - -  2N1~ + N~+k,) dk' V du162 

0 

F o r  s m a l l  k the  i n t e g r a n d  e x p r e s s i o n  has  the  f o r m  
ind ica t ed  in b r a c k e t s ,  i . e . ,  d i v e r g e n c e s  a r e  confined 
to two o r d e r s .  

Thus ,  the  r e g i o n  of  def in i t ion  fo r  the  o p e r a t o r  
s t  iN, N) wi l l  be  funct ions  which d e c r e a s e  m o r e  r a p -  

t i d ly  than  1 / k  2 f o r  k ~ :c and i n c r e a s e  m o r e  s lowly  
than 1 / k  3 f o r  k ~ 0. F o r m a l l y ,  the  so lu t ion  

Nl~ = T~ (T = const) (8) 

s a t i s f i e s  the  equat ion  s t  (N, N) = 0. 
Th is  so lu t ion  i s  the  R a y l e i g h - J e a n s  d i s t r i b u t i o n .  

However ,  such  so lu t ions  do not  e n t e r  into the  def ining 
r e g i o n  of  the  o p e r a t o r  and one cannot  l i n e a r i z e  on a 
backg round  of  t h e s e  so lu t i ons .  P h y s i c a l l y ,  t h i s  m e a n s  
tha t  in c o n s i d e r i n g  t h e s e  so lu t ions  quantum c o r r e c -  
t ions  m u s t  be  t aken  into accoun t .  

However ,  the  equat ion  s t  (N, N) = 0 has  o t h e r  s o l u -  
t ions  a p p r o p r i a t e  to the  def in ing  r eg ion  of  the  o p e r a -  
t o r .  We sha l l  s e e k  a so lu t ion  in  the  f o r m  

= k~- ( 2 < s < 3 ) .  N~ 

Then 

L 2 
st, (N, N) = -~- F (s) (L = const). 

Here 
F2 (i -- s) 4 

F (s) r (2 -- 2~) I -- ~ + 

(9) 
+ 2 r ( t - - s ) r ( 2 s - - ~ )  8 4 

r(s) s - -2  + ~ - - s  

I nves t i ga t i on  shows tha t  F (3) = +~o, F (2) = -~o.  
Th is  m e a n s  tha t  the  funct ion F (s) m u s t  have  a z e r o  in 
the  i n t e r v a l  2 < s < 3, 

C a l c u l a t i o n  shows tha t  the  z e r o  of  F ( s )  is  s = 2.5.  
Thus the  equa t ion  s t  (N, N) = 0 has  the  so lu t ion  

N~ = A k  -~'5 . (10) 

We s h a l l  now c o n s i d e r  the  p r o b l e m  with wave  
s o u r c e s  and d e t e r m i n e  u n d e r  what  cond i t ions  a s o l u -  
t ion  c l o s e  to so lu t i on  (10) m a y  be  r e a l i z e d :  

2~N~ = 2~ ~ st (N, N) . (11) 

U s u a l l y  the  e s t i m a t e  

N ~ 7 / a4k0 (12) 

i s  app l i ed  to  t h i s  equa t ion .  

Here  7 is  the  c h a r a c t e r i s t i c  va lue  of the i n c r e m e n t ,  
and k 0 i s  the  c h a r a c t e r i s t i c  d i m e n s i o n  in k s p a c e  in 
which  the funct ion 7 v a r i e s .  

However ,  th is  e s t i m a t e  app l i e s  only in the  c a s e  
when the i n s t a b i l i t y  and damping  r eg ions  a r e  not  d i -  
v ided  by  a r eg ion  of t r a n s p a r e n c y .  In r e a l i t y  the  op-  
pos i t e  is  mos t  f r equen t ly  the  c a s e .  We sha l l  show 
tha t  in ju s t  th i s  c a s e  a so lu t ion  of type  (10) m a y  be 
e m p l o y e d .  

F o r  a s t a r t ,  we note that  if  equat ion (10) i s  m u l t i -  
p l i ed  by  k and i n t e g r a t e d  f r o m  ze ro  to inf ini ty ,  then 
the r igh t  hand s ide  of equat ion (11) b e c o m e s  z e r o .  We 
obta in  

~ k ;kNkdk  -- O. (13) 
0 

This  r e l a t i o n  e x p r e s s e s  the  law of c o n s e r v a t i o n  of 
e n e r g y .  

Let  t h e r e  now ex i s t  an i n s t a b i l i t y  r eg ion  with a 
c h a r a c t e r i s t i c  i n c r e m e n t  u and c h a r a c t e r i s t i c  d i m e n -  
s ion  k0, and, in addi t ion ,  le t  damping  of the  f o r m  

T~ = 7 'n-4k~ (~ ~ 1t~) 

e x i s t .  
The mean ing  of th i s  condi t ion  wi l l  be  c l e a r  f r o m  

what  fo l lows .  We sha l l  de s igna t e  the  so lu t ion  in  the  
r eg ion  of s m a l l  va lue s  of  k Mk; N k i s  the  so lu t ion  in 
the  r e m a i n i n g  r eg ion .  Extending N k f o r m a l l y  into the 
r eg ion  of s m a l l  k, we m a y  w r i t e  equat ion i l l )  in the  
f o r m  

k k co 

7k~Nk - I NrN~_k,dk'--43/k i Nk,dk' + 2  1 N k , N k + k , d k '  - -  

o o 0 

4 N  k ~'k 8 N  k col. 
k~ ~ k'2N~'dk' - -  ~ 3 k ' N r d k '  + 

o k 

k~ 

4- 2 f (Mk, -[- N~,) (N~_~, - -  2N~ § N~+~,) dk' 
o 

4Nk I'k~ 
k '2 ('M~, - -  N~,) dk'. k ~ 

0 

F o r  k >> k 0 the  l a s t  two t e r m s  m a y  be t r a n s f o r m e d  
to 

ko 

A Ok~ k~ ) 
o 

If y i s  s m a l l  enough, we m a y  s e e k  a so lu t ion  in the  
fo r m  

Nk  = B k  -~'~ . (15) 

Then the  f i r s t  t e r m s  of  the  equat ion a r e  of o r d e r  
B2k-4; t e r m s  of type  (14) a r e  of o r d e r  ABk -4"~, and 
consequen t ly  t h e i r  e f fec t  m a y  be neg lec t ed  fo r  l a r g e  
k .  A so lu t ion  of type  (15) wi l l  be va l id  r igh t  up to 
t h o s e  v a l u e s  of k a t  which none of the i n t e g r a l s  e n t e r -  
ing into the  c o l l i s i o n  t e r m  is  c o m p a r a b l e  wi th  the 
damping  t e r m ,  i . e . ,  to k 1 def ined by the  r e l a t i o n  

( R 1~..+,., (16) Tklc ' -2 . sBNB2kl  -~, o r  k l - -  ~ T /  " 

The  so lu t ion  d e c r e a s e s  r a p i d l y  fo r  k > k 1. 
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We use  re la t ion  (13) to de t e rmine  the quant i ty  B. 
We have 

l (17) 
o 

All th is  is  c o r r e c t  if the chief con t r ibu t ion  to the 
in teg ra l  on the r ight  hand side of r e l a t ion  (17) comes  
f rom la rge  k (otherwise  neglec t ing  the effect of the 
ins t ab i l i ty  reg ion  is not l eg i t imate ) .  We thus obtain 

> 1/2 .  It follows f rom (17) that  

~-'/-: F ~ (~ - -  V~)] ~-',, ( 1 8 )  
B -- Y L ~ J  

All this  is  t r ue  if k t >> k 0. Calcula t ion  of k 1 gives  
the condi t ion 

(o~ - -  r/2) >> Tko ~ . ( 1 9 )  

This  inequal i ty  may be sa t i s f ied  for  sma l l  enough 
Y. 

Compar i son  o f  (18) and (12) shows that  e s t ima te s  
of solut ions  in  these  two l imi t ing  cases  a r e  s ign i f i -  
can t ly  d i f fe ren t .  

It is clear from the above that a solution of type (10) may be 
realized in the presence of two conditions: a wide region of transpar- 
ency and a fairly rapidly increasing damping coefficient. The latter 
requirement demands an essentially nonequilibrium problem. Under 
these conditions the solution in the transparent region has a universal 
form. A similar phenomenon is observed in ordinary turbulence, where 
a Kolmogorov spectmm is established in the region of transparency, 
However, the mechanisms determining the universal solution in these 
two cases are significantly different. To be specific, in the case of 
ordinary fluid turbulence, scales of the same order interact with each 
other, so that we may introduce the concept of energy flow through 
the turbulence spectrum and obtain the spectrum from dimensional 
considerations, tn our case all scales interact simuttaneously. Here 
the solution can not be obtained from dimensional considerationsl 
generally speaking, it depends on the character of the wave inter- 
action. 

We shal l  cons ide r  the poss ib i l i t y  of gene ra l i z ing  
the r e su l t s  obtained above .  In the gene ra l  case  decay 
t u r b u l e n c e  is  c h a r a c t e r i z e d  by two fac to r s :  the wave 
s p e c t r u m  cok and the m a t r i x  e l emen t  V k k , k ,  d e s c r i b -  
ing the i n t e r ac t ion ;  in addi t ion  w k is  a pos i t ive  func-  
t ion  which is  convex downwards and V k k , k ,  is  a pos i -  
t ive  funct ion which is  s y m m e t r i c  with r e spec t  to the 
l a s t  two ind ices .  We choose 

r = l k l ' ( s > l ) ,  Vkk'k" = (/kl Ik'l [k"Dt. (20) 

Then,  c o n s i d e r i n g  i so t rop ic  so lu t ions  of the k ine t ic  
equat ion,  we may  pass  to the v a r i a b l e  co = k s .  We 

obtain  

ON,~ 3- 2"f~N,~ 2 ~ s % ;  -~:~ (o'p (r - -  o) ) N,~,N~,_.~, &o 
Ot 

0 

o~ 

' v ' ( 2 1 )  - -  2N,~  f r176176 [(co - -  ~o')v + (r 3-  ~ ) ] N~,&o + 
o 

co 

3- 2 f ea'v (o  + ~o')v N,~.N,~+,~.d~" - -  
o 

c~ 

o 

t -- s-}- 2) . 
P -  s 

J u s t  as in the case  cons idered  above, the s t r u c t u r e  
of the f i r s t  t h r e e  in t eg ra l s  in  the co l l i s ion  t e r m  is  
such that  the d ive rgences  at zero  a re  reduced by two 
o r d e r s .  We shal l  seek a solut ion which reduces  the 
co l l i s ion  t e r m  to zero  in the fo rm 

N~ L / ~  . 

It i s  not difficult  to see that the al lowable va lues  of 
q l ie  in  the in te rva l  

2 p < q <  p + 3 .  (22) 

Hence it  follows that  p < 3. The r e s u l t  of applying 
the co l l i s ion  t e r m  to the  funct ion q is  the exp re s s ion  

L 2 
Q(q), 

~ 2 q - 2 p + l  

where  the funct ion Q (q) tends  to inf in i ty  at  the bound-  
a r i e s  of the i n t e rva l  (22). E l e m e n t a r y  inves t iga t ion  
shows that  for  q = p + 3 the inf ini ty  is  a lways posi t ive,  
while for  q = 2p the s ign of the inf in i ty  is  opposi te  to 
the s ign  of p. The r e q u i r e m e n t  that  these  inf in i t ies  
should have d i f fe rent  s igns ,  suff ic ient  for  the ex i s -  
t ence  of a power solut ion,  leads  to the condi t ion  0 < 
< p < 3. Hence we ob t a in  

, ~ -  2 < t < ~ s -  2 

F o r  such condi t ions  on t and s the equat ions of 
decay t u rbu l ence  for  a p rob lem of type (20) have a 
u n i v e r s a l  n o n e q u i l i b r i u m  so lu t ion .  

It may be supposed that  the r e su l t s  obtained a r e  
va l id  for  m o r e  genera l  co k and V k k , k , .  

In conc lus ion  the au thor  thanks  R. Z.  Sagdeev for  
d i s c u s s i n g  the pape r .  
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