STATISTICAL DESCRIPTION OF NONLINEAR WAVE FIELDS

V. E. Zakharov and V. S. L'vov UDC 538.56:519.25

A description of the Wyld diagram technique is given in the language of canonical
variables for classical wave fields. It is shown that this technique describes
thermodynamic equilibrium in particular; it may also be used to validate the ap~-
plicability of the kinetic equation for waves. - The problem of a turbulent seal-
ing is discussed, together with its relationship to the power-law spectra of weak
turbulence.

INTRODUCT ION

Various physical situations (plasma turbulence, the passage of high-power laser pulses
through matter, parametric excitation of spin waves in ferromagnetic materials, etc.) mneces-
sitate the statistical description of nonlinear wave fields under conditions that are in no
way near thermodynamic equilibrium. For elementary cases (low-level nonlinearity amnd cer—
tain restrictions on the wave-dispersion law), such a description may be given in the lan-
guage of kinetic equations. The corresponding theory is usually referred to as the theory
of weak turbulence. Attempts to go beyond the framework of weak turbulence require the use
of diagram techniques.

There are several types of diagram techniques suitable for the description of nonequi-
librium systems (see [1l, 2], for example). It is most natural to use the Wyld technique
[1] for classical problems; it was constructed in 1961 for the example of a hydrodynamic-
type equation and served as the basis for numerous studies on the turbulence of an incom-
pressible fluid (see [3, 4], for example). Although the wave-field equations encountered
in physical problems, written in "natural" variables (velocity, pressure, the electromag-
netic field, etc.), are usually not Hamiltonian equations, they ordinarily possess a latent
Hamiltonian structure (see [5]). By bringing out this structure (introducing canonical vari-
ables), it is possible to make a substantial simplification in the solution of fundamental
nonlinear problems. Our aim here is to describe the Wyld diagram technique in the language
of canonical equations for classical wave fields (sec. 1).

By using canonical variables, it is possible to show that the Wyld technique describes
thermodynamic equilibrium in particular (sec. 2). Although this fact is natural, no proof
has so far been given in the 'ordinary" Wyld technique. Our proof makes use of the sym-
metry properties of "bare" vertices, which hold only for canonical variables, and it is
formulated as a "fluctuation-dissociation theorem" (i.e., it asserts the compatibility of
the diagram equations with the thermodynamic relationship between the spectral density and
the Green's function). 1In this way, we obtain a purely classical proof of the fluctuation-
dissociation theorem.

Using the diagram technique, it is easy to derive the familiar kinetic equations for
waves and to obtain corrections for them in the regular manner. In particular, this enables
us (sec. 3) to validate the limits of applicability of the kinetic equation (i.e., the weak
turbulence approximation): the wave damping yy characterizing the level of system nonlinear-
ity must be less than Ak(dwk/9k) and less than (3%wi/0k®)(Ak)?, where Ak is the characteris-
tic width of a wave packet.
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The next topic that is conveniently treated in the canonical technique is the question
of turbulent scaling. The success of scale-invariance methods in the theory of phase transi-
tions and the formal similarity of the phase-transition and strong-turbulence problems lead
naturally to the concept of transferring the scaling methods developed in recent years to
the case of turbulence.

We might hope that these methods will lead to future progress in the central problem of
strong-turbulence theory, the problem of the Kolmogorov spectrum. In this study (sec. 4),
we have made just the first step in this direction: we show that in elementary cases the
additional scaling index which appears owing to departure from thermodynamic equilibrium may
be found by means of a conformal frequency transformation amalogous to the transformation of
the kinetic equation for waves that permits us to find the power-law spectra of weak turbu-
lence.

1. DIAGRAM TECHNIQUE

We consider a wave field that in a linear approximation possesses a dispersion law wg

described by the complex amplitude ayp and having the Hamiltonian
H = [ osana,dk + Hin- (1)

We introduce the notation ak, aﬁ = aﬁ (s = #1). 1Initially assuming the interaction Hamil-
tonian to be cubic in aﬁ, we write it in the form

Hipg = TST 5‘ Z Vernr % @y ‘a‘,?,v S(sk -+ sk -+ s"R") dk dR’ dk". (2)
* 5. 8%, 8"
Since the Hamiltonian is real, we have
Vet g = vide)® . (3)

Moreover, the coefficients V possess evident "permutation symmetry'

Vive = Vi = Vs . 4)
The equations of the wave field have the form
oa;, oH . 1 (5
[§ — = — IS, a .
dt O(Z;S I_k k k

In this equation we have formally included the wave damping yy and the external forces £
describing the weak interaction of the wave field with the "environment" (the thermostat
We assume the external force fy (t) to be random with a Gaussian distribution. Assuming

o]

as (f) = § as, e~ dw (6)
—o0
and introducing the four—dimensional notation q = {k, w}, we obtain
1 e ot
&
Here Gﬁq is the bare Green's function,
1
Gy = . 8
0a ® — o, + ST, 8
We consider the formal solution of (7) in the form of a series in powers of fq:
ay = ay + @lg + ay + ...,
”()q = (10([ 'z
aly = Gio | dgdy’ 3, Vi Gl G bimsq + 54+ ) Iy 7, <

—_s8, &7s" .

P . Y (A ‘ .
g = G, j‘ dq'dq" }J - ka R ( by’ al\q” + an”a;q:) 3(— sg+ g’ + s7g").
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Using the graphical definitions

s s -5 ss's* sk
(A VA r et 2y g
S0, Ve ™ < (9a)

$
7, Y e e e o ’
¥

we may place each term of the above series into juxtaposition with a diagram.

Each diagram of the series for gy constitutes a "tree" branghing at vertices V whose
top terminates in dashed random-force lines. The vertices Vﬁﬁ;ﬁn must be matched to §(sk +
s'k"' + s"k"), with summation being carried out over all s and integration over all q of the
inner lines. The diagrams for a§, contain all topologically different trees with n vertices
V; the numerical coefficient of each such tree is 1/2. The diagrams corresponding to (10)
are

7
7

N
/
/7
8
/
N,

(10)
[ YR ” 4

15~
/2 ~o

It is not difficult to see that the analytical expressions corresponding to trees going
over into one another when a portion of the tree is rotated about some vertex will coincide.
The first example of this sort is two trees for azgq. We henceforth assume such trees to be
topologically equivalent, assuming that there is a number of them such that we retain the
discriminating factor 1/2 only at "symmetric" vertices (i.e., vertices from which a rota-
tionally symmetric tree "'grows"). As a result, the entire diagram acquires a discriminating
factor 1/p, where p is the number -of elements in its symmetry group, including the identity
element. For trees of order two and three, this is represented as

e
'

P
- { ~ { 7
a, = - a —=— / — L -
2 /\’(/ 3378 < : + 2 ~ (11)
=

~ o ~

This possibility of reducing the number of topologically different diagrams is associ-
ated in principle with the classical nature of the wave field, which is reflected in the
commutativity of the quantities f8. We further note that one of the end points of the tree
(its root) is isolated: of the three lines meeting at each vertex, one runs '"to the root"
and the others "away from the root." As we see from (9), on the line running "to the root"
there is a change in the -sign of the index s for the vertex.

Let us now calculate the following paired averages: the spectral density ng and Green's
function Gq, the linear response of the system to an external force:
Cagpay.y == nis(g—q) A(s—s'), )= n,
. (as f7 Sa (12)
Glo(g—q) = —ofe 2 _ 7 Ba N
S — 5
iy Nk S
To compute the averages, we make use of the Gaussian nature of the external force f4 and
assume that there are no correlators from the product of an odd number of f; while assuming
that the correlators from even products are divided into the sums of products of paired cor-
relators:

(fo f° > =Fodlg—q), Fy=F;" (13)
This partitioning is graphically illustrated by paired "scaling' of the outer branches
of the trees. 1In calculating the average we perform scaling for two trees, which we repre-
sent as image reflections from a vertical line. Here for vertices and lines to the right of
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the tree line all indices s must change sign. To calculate the average for Gg, we carry out
scaling within one tree with each of its outer branches fixed successively. Carrying out
summation of the reduced graphs we arrive at a system of Dyson equations for nf and G5: G, =

= 25 : q q* -q
Goq 1+ Zqu], ng = |Gq| ¢qs graphically,

- h

= S o G-
AN = um“u.{ oTLe h

(14)
B DI (~,:,-—=~--~n
Here a heavy wavy line indicates nq, and a heavy straight line indicates Gq:
L t=1 + +i<j>+‘—<t>+<]j>+<l>+ : (15)
=72 2 2 "
=A+A+A+Q/+/l\+_,, (16)

The graphs in the series (15) and (16) contain no weakly connected parts separated by two
lines. The graphs for &, have two equivalent end points (''roots” of the joined trees); the
graphs for 3q have differing end points (input and output) corresponding to the "root" of
the tree and a fixed branch.

Let us enumerate the topological properties of the graphs for Iq and oq that are import-
ant for the ensuing discussion:

1. In the diagrams for ¢, (for Zq) from each vertex we may proceed only along Gq' lines
toward the input or (and) output in unique fashion. Thus, there are no vertices with three
ng! lines and no closed loops along Gq' lines.

2. In each graph for %,, there exist a unique path connecting the input and output
along Gq' lines — the "spine" of the graph. The remaining Ggr lines of the graphs may be
referred to as edges.

3. The ¢ graphs contain a "principal cut" for which they may be uniquely dissected
into two parts along nq' linesonly. We shall refer to these nq' lines as "principal”.

4. Clearly, by successively replacingprincipal n,' lines by Gq! lines in the graphs for
®q, we shall enumerate all topological structures of the graphs for Iq.

Let us now indicate the rules for calculating the coefficients of the graphs for Iq and
dq for a given topological structure:

5. All topologically different graphs for Lq have an identical numerical coefficient
equalling unity.

6. Topologically different graphs for ¢&q have the coefficient 1/2 if they are symmet-—
ric with respect to the line connecting the input and output [for example, the first, third,
and fourth graphs in (15)] and the coefficient 1 otherwise.

These rules follow from the fact that in "splicing"” of lines running from a symmetric
vertex it is possible to double the number of splices by carrying out a rotation at this
vertex. This doubling compensates for the factor 1/2 introduced by the symmetric vertex.
An exception is represented by the case in which splicing of two symmetric trees preserves
a single graph symmetry (with respect to rotation along the end points of the graph).

Let us now define the procedure for graph multiplication. In graphs for ¢,, we succes-
sively isolate each of the fundamental ng' lines (for example, marking the isolated line by
a cross), while in the graphs for Iq we successively isolate (also by a cross) each line of
the spine. The fundamental structural property of the graphs follows from 1-6:

7. There is a one-to-one relationship between the "multiplied" graphs for ¢q and Iq
(including the numerical coefficients). This correspondence is realized by replacing wavy
marked lines by straight lines and vice versa.

Let us discuss the rules for reading the graphs. To each graph for Zq or g having n
lines there correspond 2M terms corresponding to different ways of choosing the signs for
the indices s3;, Sz2y «.. . Lt is convenient to represent this choice graphically, assigning
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t 1
a direction to the Got and nor lines. On the graphs for Z% and the left side of graphs for
r

®q the functions Gg, n shouid be assigned an arrow "away from the input," while the complex-
conjugate functions Gg and ng should be assigned an arrow running "to the input.”" On the
part of the graph of ¢y situated to the right of the principal section the functions G, and
ng' are assigned an arrow "from the output," while Gé' and n¥: are assigned an arrow "fo the
output." With the directions of the arrows chosen in this manner:

8. The delta functions are so arranged at the vertices that the sum of the four-momenta
arriving at the vertex equals the sum of those leaving. In any cut of the I; and ¢4 graphs
that separates the input from the output, the algebraic sum of all momenta o% the lines is q.

Let us show that:

9. In writing the analytical expressions for I; in the product of all vertices and func-
tions qu, only the real part should be left in the edges. As an example, the graph q)

corresponds to the expression
- — e g — - - — s
j dgy ... dg,Gy, Gy Re {Vid YVai "Var " Vis™ ™ Gy ng ng ) X

X8 (G—=q1~q;)8(q,— 9 — q) 8(95 + 95— G3) (92 + g2 — q).

For the proof we must comsider, in addition to the given graph [for example, «)], a

graph [b) for this case]
A
st \

4

obtained from its image reflection and complex-conjugate (it corresponds to a change in the
directions of all arrows). As a result, the two graphs exhibit coincidence of all delta
functions and directions of arrows in the spines; the arrows in the edges change direction
[compare @) and b)]. Next, in accordance with property 5, we must allow for the fact that
both graphs occur in the expression for Zg with the same coefficients (equal to unity).

Similarly, considering image-symmetric graphs it is easy to see that:

10. For any graph, only its real part occurs in the analytic expression for Qq’

Let us now see how the diagrams for Im Iq look. To do this, we make use of an identity
holding for an arbitrary set of N complex numbers ap:

Im (2 ..oon) = Im{2y0g . &)) + o Tm (o) .0 o) o b oty o, ay—g Imag,

Multiplying this identity by an arbitrary complex number B and calculating the real part,
we have

Re®Im(a, ... ay) = Im =z Re (8aj ... o) ... Imay Re (Boy ... aw—). (17)

Let us now consider a graph for Iq having N lines in the spine. We let 8 represent the
contribution made by the graph edges and let ap represent the G-functions of the spine. By
virtue of rule 10, only the real part of B makes a contribution to the graph. Evaluating
Im Zq and using (17), we arrive at the following result:

11. To calculate Im Zq it is necessary to multiply each graph for Ig (using a class to
successively mark each of the lines of the spine), replace each labeled G-function by its
imaginary part, replace all G-functions of the spine that are located to the right of a
labeled line by the complex~conjugates, and remove the real part from each graph. Rule 11
permits direct calculation of Im iq- Cutkosky [6] has described a similar method for cal-
culating imaginary parts in Feynman diagrams for quantum'electrodynamics.

For a whole series of interesting physical situations (fluid dynamics of an incompres-
sible fluid, of a cold plasma, etc.), the basic contribution to nonlinearity is made by the
interaction of four waves. Writing the Hamiltonian Hint as
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Hypp = — Z Viiis, @n, @5, @kl ar, X 3 (5,18, + S:ky + $:k5 + s,k,) dk, dkydkydk, (18)
$1528:554

we may proceed in like manner to formulate a diagram technique and go over to the Dyson equa-
tions (14); here for the compact parts of ¢ and I, we obtain the series

L, =7 Q+—;—é§>+‘ {"Z‘b B AL S (19)

i
-

in place of (15).

All graphs' properties, reading rules, etc., remain as before, except that it is neces-—
sary to generalize rules 5 and 6 pertaining to the numerical coefficient on the graphs in
the following manner: to each graph there corresponds a discriminating factor 1/p, where p
is the number of elements in the symmetry group of the graph, including the identical ele-
ment.

2. TFLUCTUATION-DISSIPATION THEOREM

Let us now show that the equations that we have constructed for nz and Gg will in par-—
ticular describe the thermodynamic equilibrium of a wave field. Calculatingthe imaginary
part of the Dyson equation (l4), we obtain

Im G, = leP( Im Goy T Im \ 20)
lC()ql ,'

We shall seek a solution of (14) in the form of

= —1  ImG. (21)

(p-9)
Here T is the temperature of the thermostat, and p = {V, 1} is a constant four-vector.
Let us assume that the condition
.§
F,= Tln:GOq Tt (22)
$1G[* (p-9) (r-9

is satisfied, indicating that the "environment" (the thermostat) interacting with the wave
system will be in thermodynamic equilibrium at the temperature T. It then follows from (14)
that

s{p-q) @, =T Im zy. (23)

Let us show that if (21) holds, then (23) is satisfied within each group of graphs having
the given topological structure. To do this, we make use of the properties found in sec. 1
for the graphs for ®8 and Za. We consider a certain ¢S graph containing N lines in the
principal part; we arrange the arrows arbitrarily in it. According to rules 7, 11, it fol-
lows that among the graphs for IS there are exactly N graphs having the same topological
structure as the graph for 4g ang differing from it in that each of the fundamental nq'
lines in the graphs for Im Xy will be successively replaced by a Im Gq' line. According to
rule 11, the methods of reading the graphs for ¢q and Im Iq are the same, so that within
each group of graphs (23) may be written in the form

. Sy T SN
JU [ o Py = s (IO gy
g g o MGy ) B(— SqF siqu o sw qN)] dq ... dqn = 0. (24)

Substituting (21) into (24), we see that (24) may be rewritten as

S Uq q1 aN ’Zal ’l;x [—s(p-q) -+ si{p-g) + ... + snip-gn)] X (25)

X B(—~ 89+ 5;q, + . -+ Syqn) dgy ... dgy = 0

and it 1s evidently satisfied.
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In exactly the same way, it is possible to see that (21) satisfies a system of Dyson
equations for ng, Gq for the case of a four-wave interaction Hamiltonian, as well as for an
interaction Hamiltonian represented by a power series in aﬁ. Equation (21) coincides with
the "fluctuation-dissipation theorem,” which for thermodynamic equilibrium relates the spec-
tral density of the fluctuations to the imaginary part of the Green's function; for a situ-
ation of thermodynamic equilibrium, it permits a transition from two equations for ng and Gq
to a single equation for Gq.

It should be noted that there is a fundamental difference between the case of thermo-
dynamic equilibrium and the general case. In the situation of thermodynamic equilibrium,
averaging is carried out over a Gibbs ensemble, and the diagram technique is just an auxil-
iary tool making it easier to calculate the averages. In a nonequilibrium situation, how-
ever, the diagram technique is a way of obtaining the equations for the average ngq and Gq.
It is essential that in (14) the correlator for the external force Fq occur in the form of
a free term and that it be possible to set it equal to 0. It is natural to assume that the
solution of these equations (nq, Gq) depends continuously on Fq and remains finite for Fq =
0. In physical terms, this means that the correlators for nq and Gq are insensitive to the
action of a small random Gaussian force on the wave field. This property of the correlators
corresponds to the notion of turbulence as a result of the development of all imaginable in-
stabilities and as the most stochastic state of the wave field,

Although the procedure for obtaining the equations for nq and Gq is formally unambig-
uous, these equations are actually not uniquely defined, since the series for ngq and Gq are
not absolutely convergent. This follows just from the fact that the number of topologically
different trees rises factorially as the number of vertices increases. These series become
unique only after definition of a summation rule for them, a problem that has as yet not been
solved. It may be assumed, however, that for any summation rule the first terms of the
series will remain in their locations, and in this context it makes sense to restrict the
discussion to the first terms of the series for nq and Gq even for a strong nonlinearity.

For a low-level nonlinearity, the series for nq and Gq must have an asymptotic meaning, re-
gardless of the summation rules.

3. KINETIC EQUATION FOR WAVES

On the assumption of a low-level nonlinearity, we may neglect renormalization of the
vertices and keep just the first diagrams in the expression for ¢q and Igq. We write the
Dyson equation for nygy as

g = (26)
(0 —~ 08 + Tho
If the width of a packet nk, with respect to the frequencies Awy is substantially
greater than Yg, = Im Ik,, then we may neglect the dependence of ¢y, and Iy, on w, in this
expression, taking w = wg = wg + Re Ix. Then following integration with respect to w in
(26), we have

Trlly = W(Dk. (27)

Continuing to assume systematically that Awg >> Yy, we may integrate with respect to the
frequencies in the expressions for & = %, wk and Yk = Yk, Wk, taking ng, -~ §(w — wx). Then

T “ ,
Te = 5—5 | Viswwr P (e + nar) & (0, — 0 — 0p) X

W 3k — k' — k") dR'dR 4 = f [Virewr P (ar — nar ) X

X B (0 — 0y — w5 ) B (B — b — B”) dR’ AR (28)
Dy = % [ 1 Vaowae [ g e (k — B — &) X

X 8 (0, — 0pr — ) dk'dR” + ‘f | Vi, e [P e e X
X AR~k — R) 5 (0 — opt — o) db’ dB". (29)
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Substituting (28) and (29) into (27), we obtain a three-wave kinetic equation. Taking
a rough estimate of vy from (28) to be |V|?nyk®/Awy and taking into account the fact that
our conclusion is valid if Awg >> vk, we obtain one of the criteria for applicability of
the kinetic equation:

Aog > VVne B2 VVN, (30)
where N= Sﬁhdkﬂﬁnkka is the level of nonlinearity in the system.

If this condition is satisfied, the equation for ny, may be reduced to an equation for
the integral quantity ny.

Calculating the first correction for a vertex as well as the correction for the real
part of the Green's function, we see that they are less than the bare values by a factor of

o (AB)?
L ( "(Ak)). (31)

n
oy, (AR)? Te

A theory of weak turbulence is also constructed on the basis of the parameter (31). The
logarithmic factor appears when we carry out integration of diverging denominators of the
type [wk-— wk' — w(k—k')]—f’ truncated by wave damping, in k-space. It is clear from (31)
that for linear dispersion there is no region of weak-turbulence applicability, and the
kinetic equation cannot be used whatever the nonlinearity levels. This is easily ascer-
tained, for example, by direct analysis of the diagram

3>

which has no small parameter with respect to the diagram

O

owing to the coincidence of singularities.

4. KOLMOGOROV TURBULENT SPECTRA

In many physical problems, the quantities wp and Vi 'y are homogeneous functions of
their arguments:

g = A% ‘”k . V;\k, AR, AR = }\t Vlzk'k” . (32)

It may be assumed that here the spectral characteristics of the wave field in a certain wave-
number interval will also turn out to be homogeneous functions:

1 ./ &k 1 k
Nhe = 7@—?)‘( T ) , Gp, = ‘(;;‘g ( T ) . (33)

The numbers x, y, B characterizing the degrees of homogeneity have come to be called scaling
indices. The problem arises of the conditions for realization of the scale—invariant spec-—
trum (33) and the determination of the scaling indices.

The problem of "scaling" turbulent spectra is associated with the name of A. N. Kolmo-
gorov, who in 1944 suggested that the turbulence spectrum of an ideal incompressible fluid
is determined by a unique quantity — the energy flux in the region of high wave numbers [7].
No rigorous proof has as yet been given for the Kolmogorov hypothesis, although many experi-
ments aimed at measuring turbulent spectra have confirmed it with good accuracy [8]. 1In
1965-1966, one of the present authors developed a theory of Kolmogorov-type spectra for weak
turbulence described by the kinetic equation for waves [9-12]. In this case, it was possible
to find the condition for existence of Kolmogorov spectra and to demonstrate that they are
exact solutions of the kinetic equations in the isotropic situation. In this case, it was
found [12] that spectra with a constant flux of quasiparticles play no less important a role
than do spectra with a constant energy flux; in principle, there can also be anisotropic
spectra characterized by a constant momentum flux. These results were obtained with the aid
of a special conformal (quasiconformal, in the more general phase) transformation in k-space.
In this section, we shall apply this conformal-transformation method to the strong-turbulence
case. The last decade has seen vigorous development of the theory of scale-invariant spectra
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in phase-transition theory; in particular, a result of the development of this theory was
the establishment of the fact that indices computed with the aid of purely dimensional
estimates are unreliable in most cases. This is connected with the fact that the diagrams
are usually divergent for scale-invariant spectra. Thus, we shall confine the discussion
to the case in which there are no such divergences or they are unimportant.

Let the system Hamiltonian have the form (2), so that wy = 0 and Vii'k" is a homogene-
neous function of degree t. Then from the equation of motion (5) we obtain an estimate inter-
‘relating the characteristic values a, k and 1T (the interaction time):

1 vaw (34)

T

Assuming that the sole external dimensioned quantity is the flux p, we find

HE _Va' i

T T

~p (35)

from the condition for conservation of flux. It follows from (34), (35) that

1 ~ pUAYIZ  plA R 8 = _2’7‘_ . (36)

T
We then have
1 py2 pH2
b3 ~ Ve ~kt+3 ?

Snkwduy\' kia? ~

i.e.,

x:t+3+3:%t+& (37)

“~

Similarly, for a four-wave Hamiltonian (18) we find

B =13,

(38)
x=3+3 +~%§-==t 4 3.

It is then clear that for our case y = 1 for both three-wave and four-wave interaction.
Despite the obvious physical interpretation of the Kolmogorov-type scale-invariant spectra
found, it is not a trivial matter even for the most simple case in which all diagrams con-
verge to verify that these solutions satisfy the diagram equations (for mnyy, Gyy)-

Let us show that (36)-(38) may be obtained as a necessary condition for the solvability
of the equation for ny, with a specified Gy,, and that in this sense the formulas (37), (38)
for determination of x represent a "weak' analog of the fluctuation-dissipation theorem.

We carry out partial summation in the equations for ngk, and Gy, and represent the
graphs for the compact parts in the form

O=r<P+<Tp .
= <P+ < <P

These diagrams include triple correlation functions — the vertices

¥ =S oS s 8a=s o -
LN = LIl SR N s sq 4 5 ) GG 0D

. Fy Fypr ANIEY Y A

§ 9
qu < (l—S Ll_rs' f.,"srf> Ba_s a—S' oy 5 S s

= L B0 I 2 /0 G N = B b (s + 59+ ") (G G G,

9 q‘ri" F(]’ \ affl" /
!
‘q = <ag"a;" ap”y = Cogiyp(sq+5'q"+ s"q") (G4 67> Gp). (39a)
3 9

1092



The diagrams for the A-quadratic response is a tree having two isolated branches:

v
Aglgiy=—<+ {éé}\fﬁ;t{&} : (40)
:

Vertex B is obtained by splicing two trees; here one branch, the output, is fixed:

ss}s é é (41)
gqly’
The triple correlator C appears when three trees are spliced:

SSS
)y ég . (42)

Relationships (39) have a purely topological meaning and may also be established in the non-
canonical technique (see [10], for example).

Under the convergence condition for the integrals in the diagrams (40)-(42), there is
coincidence of the degree of homogeneity of the renormalized vertex with the degree of the
bare vertex (tp = t). For this case, we have

= {4 B — x,
(43)
tc=t+a@—x
from (42) and (41) for the degrees ty and tc of the correlators Bq 1 and C The
relationships t), = t and (43) may also occur when there are divergences in the 31agrams
(40)-(42). We shall assume that these relationships are valid.
If the diagrams converge, we have the relationships
= ],
Y (44)
x=24+3—§

in the Dyson equation. The condition (44) may be termed the scaling condition. When there
are divergences in the Dyson equation, condition (44) must be replaced by a different rela-
tionship that depends upon the cut scale. When the scaling relationships (43), (44) are
satisfied, the solutions (33) formally satisfy the diagram equations.

We emphasize that in contrast to the bare vertex V, the renormalized vertices A, B do
not possess symmetry with respect to permutations of the pairs (), since the input end
points are explicit in them: these are the roots of trees coloreg black in the figures.
Nonetheless, by virtue of the symmetry of the bare vertex (4) deriving from the fact that
the initial equations are Hamiltonian, the graphs for ¢, and I, possess a certain additional
symmetry that makes it possible to establish an additional relationship between the indices
of the scale-invariant turbulence spectrum.

We define the combination

L= 2 s[®7G7° + n7* B}] = 2 Im (®, Gy + 3 L)

and note that the condition Ly, = O is equivalent to the Dyson equation for ng,.

We further require that the quantity Lq be finite on the scale-invariant spectrum (33).
A sufficient condition for this is the convergence of all integrals in the diagrams for Ggq
and Iq; it is also possible for the diagrams for Gy and Iq to diverge; the diverging terms

are truncated in the expression for Lq, however. We introduce the quantityl , = jlm.mdk.
Then

L= ,;, s [ dkdkdk’ dodu'd(sq +5' + 5'") X

ss's

58’8 g ] —s" —5§' S $§'s”  A—sti—8? —8§ S§7 5" -—.s’ s’ a5 S"
X [ka’k" A\ g g Gy + Ve Ag” (774 n ’ltJ”G + Virrer A ¢ log  Gerng ”q] + ... (45)
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For brevity, we shall not write the terms with vertices B and C. We perform a substitution
of variables in the second terms (a conformal transformation),

o =le, o =io @ =le, L=,
B =ik, R =ik R =1ik,, (46)
s = 8, s = s, $" = 8,3

making use of the homogeneity of V and A and taking into account the symmetry property of
vertex (4), we see that the second term in (45) on the scale-invariant spectrum goes over
into the first with the factor (w/w,)¥(S./S). Carrying out a transformation in the third
term, which differs from (46) by the substitution w,; <> wz, we find that the third term in
(45) goes over to the first with the factor (w/wz2)Y(S2/S). The integral of the sum of these
terms evidently vanishes if y = —1. This yields

x=73+3+L (&7

Carrying out the same operation with the remaining terms in T, that contain functions B and
C, we also arrive at (47). '

Similar relationships may also be established between the indices B, x, and t for the
case of a four-wave interaction Hamiltonian. 1In this case, we write the expressions for oq
and Iq in terms of the quadruple generalized vertices

e Al 3 s
<

1
9 8

L + 59 +
D I E

The physical meaning of these vertices becomes clear from their definition,

Nl—-

ql < (l——s PR —S f 1 S Sy Ss S
g9 §,= 1_1n © A s, 8819+ 8191+ S5 + 85q3) Gy Gy, G4, Gy,
q F’Ix FUz Ffl:;
1
%
= 19253 & <a a;—s‘ fq.-Y, ;_Sl> Sy 85y S
9’ < q Bqlil '43(136 (Sl] + 51[11 + qug .+. S-Sq-'}) 4 . 2 s Gl[ C l(\l.;g (Jl]:; (49)
q F’h F‘la
(3
.Qz
VP ol 150+ gy 5.0, 5390 G5 G5 G Gy 0L B0 B0 o0 50
4 £, (50)
0= Dyt 8(sq+ s.qy -+ S+ 208 G G GG = Cag’ gl ag® ar’>.
Arguing as before and assuming the compatibility of the degrees t, = t, t_ , t_ , and t_ of A,
B, C, and D A B cC D
s E] 5
tr=t48—x, te=t4+2(8—x), fr=t+3E—2), (51)

we obtain
(52)

after application of the conformal transformation. From this and from the scaling relation-
ship
x=1+3 (53)
we see how to verify Eqs. (38) which were previously obtained from dimensionality considerations.
Now let the Hamiltonian contain the guadratic term S opara,dk . There may be three

cases. If the degree of homogeneity o of the frequency wyi is great, o > 8, then in the
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region of small wave numbers the "effective dispersion" w ~ kB due to strong turbulence ex-
ceeds the 'bare dispersion" w ~ k®, and the latter may be neglected. Here there will be weak
turbulence in the region of large wave numbers. In this case, it is necessary to write B = ¢
in (47), (52) in order to determine x, since scaling in the kinetic equation (weak scaling)
imposes no conditions on the indices. The "loss" of conditions (44), (53), which are re-
quired if all terms of the series in the Dyson equations are to have the same degree of homo-
geneity, are essentially arbitrary, since the kinetic-equation approximation corresponds to
allowance for just the first term of the series. If the random Kolmogorov relationships
(47), (52) prove to be compatible with the scaling relationships (44), (53) for B = a, then
the nonlinear corrections to the frequency and vertex will have the degree of inhomogeneity
of the corresponding bare quantities. Then as the level of nonlinearity increases, weak
turbulence will continuously go over to strong turbulence. When o < B, weak turbulence will
occur in the region of small wave numbers, and strong turbulence will occur in the region of
large numbers. We have so far spoken of Kolmogorov energy spectra.

For a four-wave Hamiltonian conserving the number of quasiparticles, N&:jfnkdk; i.e.,
for

Hip = %. { Visa0 0} 0305 a, 3 (ky+-ly—ho—F,) dk, di, dt; d, (54)

there can be one more Kolmogorov particle-number spectrum. In this case, Eq. (52) has the
form

x = 3 2¢/3. (55)

For an anisotropic situation there may in principle be spectra that are of Kolmogorov

type with respect to the momentum: p ::y ka,a,dk. In this case, Eq. (52) has the form

x=4-+1, (56)
and for a fourth-order Hamiltonian we have
x == 4 4 2(/3. (57)

The question of which specific type of Kolmogorov spectrum we have in a particular situation
is solved with an eye to the excitation conditions and other peculiarities of the problem.

At the present time, we know of no examples of actual physical media for which the
integrals in all the diagrams converge to strongly turbulent Kolmogorov spectra. It must
be said, however, that there is no reason in principle for this to be forbidden. Let us
consider the situation for the problem of developed isotropic turbulence in an incompres-
sible fluid.

The Euler equations for an ideal incompressible fluid do not generally permit the in-
troduction of canonical variables. Such variables may be introduced, however, for a physi-
cally important particular class of flows for which the vortex lines take the form of lines
of intersection of two families of surfaces stratifying a space. In this case, the canoni-
cal variables are introduced in accordance with the following formulas [13]:

rot V=[yhyul, V=2iye+v? (58)
and are called the Clebsch variables. The families of surfaces spun from the vortex lines
are the level surfaces of the functions A(r, t) and u(r, t).

The variables A, 1 satisfy the equations

ah arn. SH du du o
ar =2 20 g, £ V B R T L 59
ot + () ot L) ot + Ve at . (59)

having the Hamiltonian
1 2
= ir.
H 5 fV a (60)
Thus, they move together with the fluid. Single-valued Clebsch variables may be introduced

if, for example, turbulence has developed owing to an instability of plane-parallel or
axially symmetric laminar flow. 1In the general case, the variables A, u may be introduced
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locally in the neighborhood of any point, but they may prove to be multivalued functions of
the coordinates.
Going over to the variables ak, a*; by means of the formulas
ag + a* ay — a*
lk=———£ :),kz_k_.___.._:f
iVe

Ve

we obtain the Hamiltonian of the fluid,

k]

H= i_ § Wi, ne, 0 03, an, an b (k-tli—hy—ks) dbydl dby ks, (60a)

where

Wis, 6 = (913 920 + %14 00) ~ L L by BB
12,38 = (P13 P2 T P1s Pus)y P = 2 (2| R ﬁ}k{—k& '

Thus, the degree of homogeneity of the bare vertex is t = 2.

Equations (52) and (53) yield the familiar Kolmogorov relationship 8 = 2/3 determining
the dependence of the characteristic time of motion of the scale. For the spectral functions

Njys Gpw»> We have
1 k 1 k
oo = "pin f(ﬁf'—) » Oe= Eg(]ﬁrﬁ') : (61)

Since

V= —i j ay @, ouw d (R — k" — k),

it is easy to express the correlation function of the velocity Iy, determined by the formula
lkw a(k—-k’)a((l)— (D’) == <Vka;:rwr>7

in terms of a fourth-order correlation function — the vertex Dlz,sg'_ in accordance with (50):

l,=2 j Wi, 50 D 4~ 8(9:—9—9) 3(9.—q5—q) dq149.dq,dq; . (62)
Making use of (51) for the vertex index tp, we find
1 k
fiew ~ A I (”(;f‘*‘}‘?) ' (63)
which for /¢ = \|/lz.do corresponds to the Kolmogorov spectrum Iy ~ 1/k**/®, This cannot be

assumed to be a validated result, unfortunately. Evaluation of elementary diagrams using the’
Kolmogorovians nypg, and Gk, in the form (62) leads to divergences. For sharply noncoinciding
k, the bare vertex function Wi, j,k,x, Pehaves as

W, tarse, ~ [ By | | s | (64)
for |k1], |k3] << ]kzl, |k4]. Thus, the elementary diagram
">
¢

diverges as ko"2/3 for q, q', where ko is the lower boundary of the cut for integration with
respect to q. Moreover, this same diagram diverges as 1n ky,y, where kp,, is the upper
boundary of the cut. The diagrams for ny, exhibit the same divergence for small q. There
are also logarithmic divergences at large q in the diagrams for renormalization of the ver-
tex parts. The scale-invariant theory of turbulence must be constructed with allowance for
all these divergences.
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