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A general method is proposed for solving nonlinear equations with arbitrary
number of variables with the aid of the method of the inverse scattering problem.
The method is applicable to nonlinear equations that can be obtained as the
conditions for the compatibility of systems of linear equations. By way of
application of the method, the most general—instanton— duality-equation
solutions are obtained for Yang-Mills fields.

PACS numbers: 03.70.+k

1, So far, the applicability of the method of the inverse scattering problem
was restricted only to integration of equations containing two or three indepen-
dent variables, [12] In the present paper we show that there exists a variant of
the inverse-scattering-problem method which makes it possible to integrate
equations of arbitrary dimensionality. The simplest example of integrable
equations of this kind are the duality equations for the Yang-Mills field*3!
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Equations (1) are considered in four-dimensional Euclidean space, Of physical
meaning are their bounded solutions that tend as »?=Zx}— to free fields
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These solutions constitute classical subbarrier trajectories that arise in the
quasiclassical calculation of the quantum amplitudes of the transition between
non-equivalent vacuums, #1 Their analysis can play a fundamental role in the
problem of non-escape of quarks. The asymptotic state g is characterized by a
topological charge
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The integration is carried out here over an infinitely remote three-dimensional
sphere, » is an integer, and its sign coincides with the sign of . As shown by
Shwartz, [107 the manifold of these solutions is finite-dimensiona!l and has di-
mensionality 81z!, Bounded solutions with n=+1 are called instantons, [3 and
solutions with Inl>1 are called n-instanton solutions. Individual series of n-
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instanton solutions (with dimensionality not greater than 5n) were obtained
s [4==T]
in .

2. Nonlinear equations that are integrable by the method of the inverse
scattering problem come into play as the condition for the compatibility of two
linear equations containing the spectral parameter i or differentiation 8/8¢
with respect to an additional variable, The case when this dependence is ration-
al has already been considered earlier, %% We shall show that the case of a
rational dependence admits a multidimensional generalization.

We consider a pair of compatible differential equations of first order
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while U, and l7,, are matrices of nth order that depend on z, and 2. All the
variables z, and Z, are generally speaking independent, The condition for the
compatibility of Eqs. (3) is of the form

[ L 1° LZ] = 0 (4)
and constitute a set of Ny+N,+1 equations for the Ny +N,+ 2 quantities U, and

U,. The indeterminacy of this system is due to its gauge invariance with
respect to the transformation
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3. We put L=AV;+ V3 and L,=AV5~V,, where
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1 . . .
z, = —2—(x3+r.x4); By=A4,-id; 32=A‘-IA3.

Substituting in (4), we obtain the system of equations (1) for o =—1 (the anti-
duality equation). Analogously, putting L =AV;+V, and L,=AV}~V}, we obtain
the duality equation (¢ =1), To integrate Eq. (4), we can use the Riemann-
problem method developed in®:%), In addition, we can obtain in elementary
fashion particular (z-soliton) solutions by stipulating that the matrix function
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¥ be rational in A, To find the solutions, we note that

3
U N )
Uy +2—2— =-[MDgg-l; Do 5 TS
A=, n=l A —:d dz

A similar equation follows from L,¥ =0, We stipulate that the expression
L§P¥¥-1 has poles only at the points A=2,, while L{?¥¥-! has poles at the
pomts A=X,. These regnirements impose a finite number of conditions on the
residues of the matrix function at its poles, and obviously yield an exact solu-
tion of the system (4). This method can be used to obtain #n-soliton solutions
in all equations that can be integrated by the method of the inverse scattering
problem,

4, In the course of the construction of the n-instanton solutions it turned out
that the condition that the solution be bounded for all x; imposes very stringent
requirements on the form of the dependence of A. It turns that an n-instanton
solution corresponds to a function ¥ that has poles of nth order at A =0 and
A=, We stipulate that the function satisfy the condition

1 -
'I'*<- 2 2 z") =¥ 2. E) (6)

in which case we have for n =—1

/ 1
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and AA+AA=1, From the condition that the expressions
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where a(z,2z,) and b(z,,z,) are arbitrary analytic functions of z; and z,. For
f we have
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where c(z 1,9 is also an arbitrary function of zy and z,, The condition that the
algebraic equation (8) has a solution makes it possible to lower the leeway
from three functions of two variables to eight constants, In the general case
we have

a =a“(4;1 - a°)+a12(§2 - bo),
b=a, (z;—a)+aylz,-b),

¢ =«’~a_(z, ~a_ )=b_ (z,-b )
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The constant « corresponds to the dimension of the instanton, while the con-
stants ay and b, correspond to its position and the unitary matrix a;; corre-
sponds to rotation of the instanton relative to the coordinate system.

To calculate the n-instanton solutions we have used a recurrence procedure,
which makes it possible to determine a ¥y, ~instanton matrix from an N-
instanton matrix ¥y by putting ¥y, =¥¥y, where ¥ is a matrix of the type (7),
which is determined as before accurate to three arbitrary functions of complex
variables. Explicit calculations for N=1 and 2 have shown that in this case,
too, when account is taken of the bounded character of the solution, the matrix
¥ depends on eight independent constants. With allowance for the already
mentioned Shwartz theorem, this gives grounds for hoping that we have ob-
tained the complete z-instanton solutions,

The authors are deeply grateful to S. V. Manakov, V, Matsaev, A, M.,
Polyakov, and L. D. Faddeev for useful discussions and A. Arinshtein for
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IM, Y. Ablowitz, D.I Kaup, A,C. Newell, and H, Segur, Studies in Appl.
Math. 53, 249 (1974).

2V.E. Zakharov and A. B. Shabat, Funktsional’nyY analiz i ego prilozhenie

8, 43 (1974) [Functional Analysis and Its Application].

3A. Belavin, A. Polyakov, A. Schwartz, and Y. Tyupkin, Phys, Lett, 59B,
85 (1975).

‘A, Polyakov, Nordita Preprint, 1976.

D, Burlankov and V, Dutyshev, Paper at Session of Nuclear Physics Division,
USSR Academy of Sciences.

8k, Witten, Harvard Preprint, 1976,

'G.’t Hooft, unpublished,

8v.E, Zakharov, Paper at I, G, Petrovskil Memorial Conference, Moscow State
Univ, , Jan, 1976,

A, B. Shabat, ibid,

104, Shwartz, Phys, Lett. 67B, 172 (1977),

570 JETP Lett., Vol. 25, No. 12, 20 June 1977 A.A. Belavin and V.E, Zakharov 570





