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I. The system of Benney equations describing long shallow water 

waves has the form (without an assumption on the potential flow): 

(I) 

(2) 

(3) 

Here k = • ~ 5  ~b-- ~ ,  ~5 OL ~ ~ k. is the f lu id  
s ~ f a c e  shape,  ~ -  ~<~,~) - the h o r i z o n t a l  v e l o c i t y  
v e c t o r ,  W = W L ~ , ~ )  - the v e r t i c a l  v e l o o ~ t y  component. G r a v i -  
t y  is ass~ned to be equal to unity. Let us show that the system of 

(1)-(3) can be reduced to an infinite system of two-dimensional 

hydrodynamics equations. 

Let us divide the fluid volume into layers in the ~ -direction 

and enumerate them by means of the index ~ (0~ ~ ~) , thus 

giving the location of each layer. Thus we obtain the function: 

It is cleal ~ that this function must satisfy the condition: 

which means that the fluid does not penetrate through the boundary 

of the layer. Assuming that ~ --- ~- , we see that Eq.(1) 

follows from Eq.(4). The derivatives taken at the constants 

and ~ are interrelated by the formulae: 
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Besides we have 

_ 

(6) 

He Y'e 

,tL~,.~,.t.- ) - ~ -  • .~ ..~ (7)  

Differentiatin5 the relation (z~) with respect to ~ and using 

formulae (5)-(7) , one easily obtains the following equation: 

%..~ 

Here azld elsewhere the derivatives are taken at the col~sta~zt ~ . 

Applying formulae (5)-(6) to 2q.(2) (involvin6 derivatives at 

constant ~ ) and using z'elation (6) we obtain after simple 

manipulations : 

~.__ --,- L £ ~ %  + v k =o 
(9)  

Besides, it is clear ~that 

So, ~qs.(8)-(9) represent an infinite (parametrized by ~ ) 

system of two-dimensional equations of hydrodynamics of perfect 

compressible fluid with self-consistent pressure. Such representa- 

tion of Benney equations solves the problem of their Hamiltonian 

structure reducing it to the problem of the Hamiltonian structure 

of hydrodynamics equations. 

In fact, if the fluid flow is potential in the (~, ~ ) plane 

= v ~ (. £', ~.-¢") 

variables ~ ~4_ 
- - 4 ' v  ' ~ .  ~ - - - 

where  

(10) 



KE. Zakharov / On the Benney equations 195 

For a more general flow, introducing the Klebsch variables (see, 

e.g. [a~ ), one can obtain the Hamiltonian structure. 

If the flow parameters depend on the 

Hamiltonian structure has a simple form in variables ~ ~ 

' " *  

where ~ is the total fluid energy given by (11). 

X coordinate only, the 

(12) 

Anothe approach to the Hamiltonian structure of Benney equations 

for one-dimensional flow is described in ~3~ . 

2. Let us consider the function 

It is clear that 

Straightforward calculations make it clear that the function 

satisfies the Vlasov equation 

(15) 

with the self-consistent field (14). 

In the one-dimensional case ~ -- O the system of (8), 

(9) generates all the solutions of the Vlasov equation. For example, 

to obtain the solution satisfying the condition ~,~l~ =~o(%;~) 

at ~ =O the solution of the system (8),(9) with the initial 

condition 

is substituted into Eq.(q}). This correspondence is a one-to-one 

correspondence as far as the function ~. ~ ~ (~p ~.@5 3 is a 
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single-valued reversible function ~ 

cal function of ~ , the one-dimensional equation (15) is 

equivalent to the following equation: 

where 

• If ~ is a~ ~alyti- 

This equation is Icuown as a mornedit Bemley equation [ }] . 

(16) 

Thus, the moment Benney equation is equivalent to the original 

Bez~ney s4stem only if ~ is a single-valued ~'.eversible fLulction 

of ~ . 

~:lote that in this case the function ~ has a simple physical mea- 

ning - @(V] Ibr is the thicl~a~ess of a fluid layer v~ith a horizon- 

tal velocity in the interval (V~ V* d V) . 

In the two-dimensional case the Vlasov equation is equivalent to 

an infinite system of hydrodyzi~u~ics equations which is parametrized 

by the vector _~ -- qx~, ~z~ under the condition that the 

~ - ~  is a one-to-on_e mapping (~he coxTespondence as mapping 

above is given by (13) where ~ is a vector). In this case 

only very specific solutions of the Vlasov equation correspond to 

the solutions of the Beznuey equation. 

3. In what follows only one-dimensional Be~nqey system will be 

cons ide r,e d. 

- - -  ÷ 

9t 

(17) 
~E =0 

k = 
Q 

Let us show that the system (17) is naturally related to an idinite 

system of Schrodinger equations for the function ~-'- T(~, ~,-~> 

---- ~ - -  ( 1 8 )  

Here k ----- ~ ~ ~rl ~i ~ , Actually, the substitution 
@ 
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reduces ~q,(18) to the foz'm 

--0 

In the li~,iting case k N> ~ this system is reduced to the 

system (17). So we see that the Bezn~ey equation is a quasiclassi- 

cal limit of the system of nonlinear Schrodinger equations (18) 

(for the two-dimensional case it is valid only for the potential 

flow in the ( ~,~ )-plane ~ = ~). 

The main remazkable featuze of (I~) is that the laethod of the 

inverse scattering pl'oblem can be applied to it ~4] . This is the 

system that is a compatibility condition for the following system 

of linear differential equations for the functions # (~/~t't;) ~(1~'~) 

. -  - ",. :X )q ,  ÷ ( 2 0 )  

= 

(21) 

Here X is a spectral parameter° This enables us to advance 

in the theory  of Bermey equa t ion .  

Below it would be more convenient to deal with a particular case 

of solutions of the Bez~aey system when the function ~ is a 

step function of ~ , i.e. the flow is divided into layers, in 

each of them the horizontal velocity is not changed in the verti- 

cal direction. In this case 
N 

k~ ~=4 (22) 
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and the system (q7) is reduced to the following finite system 

~k 

The linear system (20),(29) also becomes finite 

Jo = + a 

_; ~ s , - k / , o  

W 

(23) 

(2.~) 

(25) 

t~ow the system of the Schrodin6er equations is of the form: 
N 

The s y s t e m  ( 2 6 )  h a s  an  i n l ~ i n i t e  number  o f  m o t i o n  i n t e g r a l s  w h i c h  

must also be the integrals of the system (2~). Yet, it is easier 

to calculate the integrals of the system (23) directly but not 

from the integrals of the system (26). Then it is necessary to 

consider quasiclassi~al limit, to make a substitution (qS) 

From (24) we have 

In the quasiclassical limit we must neglect the differential term 

~ in (28). Then we have: 
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t~ 

(~o) 

With the quasiclassical accuracy we get 

There£ore it follows from (25) that 

With the help el' (30) we reduce (51) to the form: 

-~_~ " -~ x ( . ~ 2 )  

kqs.(30),(32) represent an overdetermined sysbem of equations one 

of which is a differential equation and the other one is algebraic. 

Let us check their compatibility. Fo~ this purpose let us find 

the derivatives } % ~ ~ ~ from ~q.(~0) and substitute them into 

(32). The rational fu~ction of ~ - ~ has to vanish identical- 

ly and the condition of this coincides with Eqs.(23). 

4. Let us calculate the integrals of the system (23). Obviously, 

the integral dependent on the parameter ~ is an i~ite~al 

~,q.(30) gives J as a (ff 4 4 ) sheet algebz'aic function of J . 

When ~ ~ ~ t h i s  f u n c t i o n  c a n  be expaxzded i n  a s y m p t o t i c  s e r i e s  
t 

over A~ . at every sheet. All the coefficients of these expan- 

sions a r e  m o t i o n  i n t e g r a l s  f o r  t h e  s y s t e m  ( 2 3 ) .  

At one of the sheets we have . 

(34) 

Here ~--~ ~ at ~ -j --~ O , therefore (using the expan- 
B 

sion in powers of -Y-Z-_ ~ ) we can write (30) in the fozm: 
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;,c.o A .  ..o°ooeo   
i 

Hence, it is clear that all integrals of this type are expressGd 

by A~ in a polynomial way. These integrals have been found in 

L-51 by Miura; The convenient form to writem them down has been 

found by Lebedev and l~ianin inl6. ] The first three of these integrals 

have a physical meaning of conservation laws for mass, momentum 

and energy.The £irst non-trivial integral is the following 

In terms of 161 we can rewrite (35) in the fo~m 

where ~ ~ 

Hence the r e s u l t  of  [ 6 ]  f o l l o w s  ~ e d i a t e l y :  

Here L~ is any of the above-mentioned motion integrals. 

Let us now show ~hat we are able to calculate new integrals of the 

Bemuey sy s t em.  We s h a l l  s t u d y  the a s y m p t o t i c  b e h a v i o u r  of  the 

function ~ at other sheets of the hiemann surface. Let 

J _~ ~ , ~ when ~ -~ ~ Let us denote @ 

?'or J 

~et ff 

we obtain 

- , t - ) 
be exp~ded in asymptotical series 

(36) 

(In the course of this expansion, we must consider y~ ~- ~ , 

which accounts for the use of the discrete approximation of the 

Benney system). 

Comparing the exp~a~sions we get 



V.E. Zakharov / On the Benney equations 201 

- 

In the continuous limit these quantities correspond to: 

~ I (37) 

Here an integ~'al is taken in its principle value. 

5. The Hamiltonian st~ucture (12) of the one-dimensional Benney 

equations enables us to determine the Poisson bracket for any 

ful~c tionals ~ and ~ of ~, ~ 

Let us calculate the Poisson bracket for 

where 

Simple but long calculations result in the following relation 

(39) 

which means that all the motion integrals of the Benney equa- 

tions obtained by the asymptotical expansion of ~ Q~ commutate. 

This leads to a hypothesis of total intesrability of the Benney 

system though it cannot be considered as a proof of total integra- 

bility since it is necessary to prove that the set of these 

integrals is complete. The "highest" Bem%ey systems 

-~% "~ ~h (40) 

have the same motion integrals. Here ~ is an arbitrary functional 

of I ~ . The simpleat of the systems of type (40) when 

is one of the integrals of the First (polynomial) series has been 

studied in [31bY ~ianin and Coupershmidt. 
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