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The nonlinear Schrodinger (NLS) equation i¥%, + V2% + «|%|’¥ = 0 is a canonical and universal equation which is of
major importance in continuum mechanics, plasma physics and optics. This paper argues that much of the observed solution
behavior in the critical case sd = 4, where d is dimension and s is the order of nonlinearity, can be understood in terms of a
combination of weak turbulence theory and condensate and collapse formation. The results are derived in the broad context
of a class of Hamiltonian systems of which NLS is a member, so that the reader can gain a perspective on the ingredients
important for the realization of the various equilibrium spectra, thermodynamic, pure Kolmogorov and combinations
thereof. We also present time-dependent, self-similar solutions which describe the relaxation of the system towards these
equilibrium states. We show that the number of particles lost in an individual collapse event is virtually independent of
damping. Our numerical simulation of the full governing equations is the first to show the validity of the weak turbulence
approximation. We also present a mechanism for intermittency which should have widespread application. It is caused by
strongly nonlinear collapse events which are nucleated by a flow of particles towards the origin in wavenumber space. These
highly organized events result in a cascade of particle number towards high wavenumbers and give rise to an intermittency
and a behavior which violates many of the usual Kolmogorov assumptions about the loss of statistical information and the
statistical independence of large and small scales. We discuss the relevance of these ideas to hydrodynamic turbulence in the
conclusion.

1. Introduction

The nonlinear Schrodinger (NLS) equation {1]
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plays a profound role in mathematical physics. The reason for its importance and ubiquity is that it
describes the evolution of the envelope ¥(x,t) of an almost monochromatic wave in a conservative
system of weakly nonlinear dispersive waves. It is in fact nothing other than the nonlinear dispersion
relation

[0 —w(k,1¥1?)]|¥=0, (1.2)
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valid for wavetrains ¥ exp(ik - x — iwt) + (*) for which ¥ is constant and the first factor in (1.2) zero,
modified to take account of the fact that for a wavepacket the envelop amplitude ¥(x,t) is slowly
varying. In that case, (1.2) becomes a partial differential equation, obtained by replacing w and k by
w +1id/3t and k — iV respectively where @ and k are the frequency and wavevector of the underlying
carrier wave and expanding (1.2) in a Taylor series to second order in the amplitude and gradient
variables. In this paper we shall be interested in situations where the dispersion tensor (3%w /8k; ok,) is
positive definite in which case (1.1) can be written

iV, + AV +a|¥*¥ =0, a=+1. ‘ (1.3)

In this form, (1.3) describes the propagation of optical pulses in nonlinear dielectrics [2] and trains of
capillary waves on the fluid surface [3]. It also applies to the description of Langmuir waves in plasmas {4]
and describes the behavior of a weakly nonlinear Bose-gas in the classical limit.

When the dimension d is 1, (1.3) is completely integrable and for the self-focusing case, a =1, has a
class of very special solutions called solitons. They are stable, scatter elastically and can combine to form
clusters with a quasi-periodic time dependence. It also has an infinite number of motion integrals. For
d > 2, eq. (1.3) is not integrable. It has only three integrals of motion. The integral

N=[i#ldr (14

RN 11

has different names: “number of particles”, “power”, or “wave action”. We mainly use the first name.
The integral

H=f(|V11'|2—%aI‘I’|4)dr (1.5)

usually is called “energy”. It is the Hamiltonian for eq. (1.3) which can be rewritten in a form

. oH
llpt= '5—11,—* (16)

The last integral is momentum
P=%if(‘I’VLV*—1I'*VII')dr. (1.7)

In a field of statistically homogeneous turbulence, it can be taken to be zero. The properties of eq. (1.3)
depend dramatically on the sign of a. If the nonlinearity is positive (@ = 1), the eq. (1.3) when d = 2,3
also has soliton solutions but they are unstable and do not play any significant role in the theory. The
most important nonlinear phenomenon for d > 2 is wave collapse. The identity

dZV_ 1 4/1 4
oz =8 H~3d(3d - 1) [I91*dr|, (1.8)
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where V = [r2|¥|*dr, holds by virtue of the equation. For d > 2,
V<4Ht*+c it +c, (1.9)

obtains and leads to contradiction if H < 0. Namely, the positive quantity V' becomes negative in a finite
time!

The resolution of this contradiction is that it is not possible to continue the solution of eq. (1.3) to long
times for certain classes of initial data. If H <0, a solution of (1.3) leads to a singularity in a finite time
tq- The theory of this singularity, or wave collapse, depends critically on the dimension d. Although some
questions still remain open, the behavior of the solution near the collapse point is well understood, both
from the numerical and analytic viewpoints (see ref. [5] and references therein).

Whereas H <0 is a sufficient condition for singularity development, it is not necessary. On the other
hand, a sufficient condition for the solution to remain regular for all time when d =2 is that N <N,
where Nj is that value of particle number corresponding to a soliton solution of (1.3),

¥ =c"R(r=(x>+y)"7), (1.10)
where R(r) satisfies

R,,+%—R,—R+aR3=0, R(0)=0, R(x)=0, (1.11)

and ¥(x,y,0)=¢(x,y) obeys the relatively weak condition [(|$|* +|Ve|*)dr < ». Multiplication of
(1.11) by 2R, followed by integration in r over (0, ®) reveals that 3a [7rR* dr = [FrR? dr. Multiplication
of (1.11) by rR followed by integration in r over (0,) yields [¢rR?dr = [garR*dr — [grR®dr. There-
fore, for a soliton solution,

N=N0=ZTrferzdr=2ﬂ/er2dr='n'a[er4dr (1.12)
0 o 0

and H is identically zero. These observations suggest, but do not prove, that as soon as the number of
particles exceeds the critical value N, wave collapses will begin to occur. We return to this point in a few
paragraphs when we consider the validity of the weak turbulence approximation.

The existence of the singularity forces us to seek a regularization of (1.3). From the physical point of
view, the most natural way to do this is to include a damping term which switches on in the vicinity of the
collapse point. Therefore, we will consider

1(%%[,— +~;xp) + AW + ol =0, (1.13)

where ¥ is pseudodifferential operator acting on ¥ with symbol ¥ meaning that the Fourier transform of
3V is y,A(k) where A(k) is the Fourier transform of ¥. (Sometimes, it is also convenient to use
nonlinear damping 4 = €|%|*™ for m large, which simulates multiphoton absorption.) Regularization
takes place if y, grows fast enough at k — . With this regularization the NLS equation (1.13) has a
global solution in time and space. A collapse event is now a flash of damping of the integral N (“power”
or “particle number”), localized in time and space in a very smail domain. It will be important to
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estimate the loss of this integral in a single collapse in the limit ¥ — 0. We give the solution of this
problem in section 5 for the most interesting case d =2 and this is one of the new results contained in
this paper. However, the main goal of our work is to understand the turbulence described by eq. (1.10) in
the case d = 2.

What do we mean by turbulence? The term is generally used to describe the chaotic behavior of
solutions of a system of nonlinear partial differential equations. A minimum requirement is that the
power spectrum of the output signal is broadband (temporal, weak or wimpy turbulence). We, however,
are mainly interested in what is called fully developed or macho turbulence in which the number of
active degrees of freedom is very large, there is energy and power .at all length scales and spatial
correlations decay rapidly. In hydrodynamics, this corresponds to behavior seen in the large Reynolds
number limit. The turbulence associated with (1.13) is often called optical turbulence because of its
relevance in describing the propagation of almost monochromatic light beams in media with a nonlinear
refractive index. We point out that, in optical contexts, the dimension of (1.13) does not necessarily
coincide with the dimension of the medium. For typical light beams, diffraction is much stronger than
dispersion and so often the study of the case d = 2 is more relevant and it is that case which commands
most of our attention here.

There are also additional reasons for studying optical turbulence. It is our contention that there are
several universal features common to turbulence in general and it is therefore natural to study those
models which both display these features and are analytically and numerically tractable. The two-dimen-
sional nonlinear Schrédinger equation is ideal. First, we can do extremely accurate long time simulations.
We use an implicit spectral method, described in section 6, defined on an enlarged grid in order to avoid
all aliasing errors. Second, (1.3) is a simple example among a class of Hamiltonian systems given by

H= [, A, AL dk + 5 [Top e, A5 A%, Ar, A 3(K + ky — ky — k3) dk dk, dk, dk;. (1.14)

For (1.3), i¥,, = 8H/3¥} with w, =k? and Ty, ,, = —a/(2w)" This class of Hamiltonians is very
broad and represents many physical systems, surface gravity waves on deep water [6], spin waves in
ferromagnets and antiferromagnets [7] and, even, in the special case of a helicity free flow, hydrodynam-
ics in an incompressible fluid [8]. In the last example, after introducing Clebsch variables we obtain (1.11)
with w, =0 and

Tkk1k2k3 = (¢kk2 : ¢k1k3) + (d’kk_; * ¢k,k2) (115)
with
i (ki -k3)
= ——| -k, —k,+ ——=(k, -k . : 1.16
v B e CRS (116

It contrasts sharply with (1.14) in that the quadratic term is absent and therefore represents a fully
nonlinear flow.

The third reason for studying (1.3) is that it admits a weak turbulence description in which the
quadratic part of the Hamiltonian dominates the quartic. In these circumstances, the dispersive
properties of the linear waves lead to a long time behavior of the statistical moments which is sufficiently
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close to Gaussian that a natural closure of the hierarchy of moment equations is achieved [9, 10]. In
particular, this leads to the irreversible kinetic equation for the spectral particle number n P

on 2
X (g g e, +neng nye, —neng ny, —nng ny ) dk, dk, dk;, (1.17)

where (A, A%) = n,8(k — k’). Qbserve that because the kinetic equation involves only the square of the
modulus of coupling coefficient Tk ok, Weak turbulence theory does not distinguish between the
dynamical behavior of the focusing (@ = +1) and defocusing (o = — 1) cases. Our starting point will be
an examination of the nature of solutions of (1.17) and their relevance to the regularized NLS equation
(1.13). To put the discussion in context, we will first seek solutions for the class of equations given by the
Hamiltonian (1.14) and will find their relevance depends in no small way on the properties of the
dispersive relation and. the nonlinear coupling coefficient T, , ,. and in particular their ratio as k
becomes small or large. The domination of the quadratic term over the quartic term in the Hamiltonian
(1.17), and the applicability of the weak turbulence description over all k depends on these properties.
For example, in NLS, the ratio Ty ,,/@; becomes infinite as k —0 and therefore one might
anticipate, correctly, as it turns out, that near k=0, a fully nonlinear description of the dynamics
becomes necessary. Indeed we have already seen that, for localized fields obeying [(|¥|* +|V¥|*) dr < o,
it is possible for collapsing filaments to occur as soon as the number of particles N exceeds N,. They will
certainly appear as soon as N exceeds N, by an amount sufficient for H to be negative. For the
statistical initial value problem, there is no analogous condition on the average number of particles
N = [n, dk, or average energy H, so that we do not have an explicit condition for the validity of weak
turbulence theory. However, experience with the behavior of solutions of the NLS equation (1.3), and in
particular with the onset of the Benjamin-Feir or modulational instability which leads, when d > 2, to
collapsing filaments, shows that the multigap (multi-periodic) states are much less unstable than the
singly periodic or condensed states and in an infinite geometry, with P =0, the only condensed state
likely to be realized is the one with zero wavenumber. In the one-dimensional case, the onset can be
expressed in terms of functionals of the spectral data which is associated with the periodic NLS inverse
scattering problem and presently one of the authors and Ercolani are attempting to express these criteria
in terms of the conserved densities. Because of the inverse cascade property we will shortly discuss, it is
to be expected that as soon as enough spectral number density has accumulated at low wavenumbers,
modulation instabilities will be triggered and lead to collapsing filaments, which structures are fully
nonlinear. Therefore, it is likely that the weak turbulence theory for focusing (@ = +1) NLS is never
valid for all time, especially when we continuously excite the medium and add number (and energy)
density at intermediate wavenumbers. However, if the pumping is very weak and applied at sufficiently
high wavenumbers, so that the pumping rate divided by the frequency at which the input is maximum is
small, there will be enough time for the weak turbulence equilibrium states to be realized before enough
particle number density has accumulated at small wavenumbers to cause the onset of intermittent
collapses. Furthermore, the frequency of collapses in both time and space will depend on the inverse
cascade flux rate and if this is small enough, the collapses, although fully nonlinear events, will be
sufficiently rare so as not to affect the weak turbulence equilibria in any major way. We verify this
numerically. The spectra shown in figs. 5, 6, and 7 below are for the defocusing (« = — 1) case, and the
cases of both strong and weak damping at large scales. Because of the similarity of the spectra, we
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conclude that, even in the focusing case, weak turbulence theory is still relevant. Nevertheless, this
discussion clearly points to the need of carrying out the statistical initial value problem for spatially
homogeneous random fields ¥(x, y, t) which contain both weakly nonlinear wavetrains and collapsing
filaments. This investigation is underway.

The solutions of (1.17) which we examine correspond to

(a) thermodynamic equilibria

ne=T/(k+wy) (1.18)

for which the fluxes of both particle number density n, and energy density E, = w,n, are zero, and
(b) pure Kolmogorov spectra

ne=a,0"%w0; 777 (1.19)
and
ny =a,P\ w437/ (1.20)

with y depending on dimension d, the linear dispersion relation and the properties of Ty, ., These
solutions correspond respectively to a constant flux Q of particle number density and zero flux P of
energy density to low wavenumbers and constant flux P of energy density and zero flux Q of particle
number density to high wavenumbers. It will turn out that in two-dimensional optical turbulence, none of
these solutions are relevant and another solution which is a combination of (a) and (b), given by

T
B+ o+ d(wy)

nk=nk(P,Q,T,[.L,k)= (1.21)

is particularly important, It is best described as a finite flux Kolmogorov spectrum on a thermodynamic
background.

The fourth reason for the study of optical turbulence is that the unforced, undamped model (1.3)
possesses two nontrivial integrals N and H. This translates to the conservation of fn, dk and [w,n,dk
in (1.17) by virtue of the fact that the integrals I, = [st(n,n,n)dk and I, = [w,st(n,n,n)dk are zero.
But these integrals can vanish in one of either two ways. After averaging over wavevector angles, we will
find that we can write the integrands of I, and I, as 8Q/dk and —dP/dk respectively. Here Q and P
are the fluxes of number density and energy density. If either I, or I, is zero because the corresponding
flux @ or P is zero at the ends of the integration interval, then we will call [n, dk or [w,n, dk is true
integral of the motion. Since no particles or energy leave the interval, one might expect that, at least in
the case of a finite interval, the nonlinear interactions would lead to an equal sharing of particle number
or energy over all wavenumbers and that therefore the thermodynamic equilibria (1.18) are relevant. On
the other hand, the presence of damping acting at large wavenumbers k > k, means that there will be a
flux of energy density towards k =« and this flux will settle down to a constant value determined by a
balance between the input of energy at & = k, < k4 and the dissipation of energy for k > k,. Across the
window of transparency (k,, k4) in which neither forcing or damping is important, the flux of energy will
be constant. However, this flux of energy density to high wavenumbers is necessarily accompanied by a
flux of particle number to low wavenumbers simply because energy conservation means that not all
particles introduced at k =k, can find their way to k =k, The fact that wyn,=wyn, means that
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ny/ny=wy/wy < 1. What happens is that, in the four-wave resonant interactions, some particles pick up
energy and most others lose theirs. There is necessarily an inverse cascade of particles towards low
wavenumbers k,. Therefore in the windows of transparency k, <k <k, and k, <k <« k,, where
neither amplification or damping are important, one might expect that the pure Kolmogorov finite flux
solutions (1.19) and (1.20) or the finite flux modification of the thermodynamic spectrum (1.12) are more
relevant.

Whether any of the pure states (1.18), (1.19) or (1.20) is exactly relevant, however, is less important
than understanding the fate of the particles carried by the inverse cascade. If the low-wavenumber region
has infinite capacity, such as is the case in gravity driven, deep ocean waves, in the sense that the small
wavenumbers can absorb indefinitely a flux of particles without changing the weakly nonlinear dynamics,
then no correction to the theory is necessary. However, in optical turbulence, the ratio of the quartic part
of the Hamiltonian to the quadratic becomes increasingly large as more and more particles reach the
neighborhood of k& =0, and therefore the constant flux of particles towards k=0 will lead to the
building of fully nonlinear structures, one of which is the well known Bose condensate or, in the wave
context, the monochromatic beam solution

V(x,1) =|¥lexp(ial ¥’ +i®), (1.22)

and the other is the wave collapse solution which we discuss in section 5. The sign of the nonlinearity,
which is not important in the weak turbulence theory determines which of these two nonlinear states is
more important. In the defocusing case of @ = — 1, the Bose condensate is stable and the inverse cascade
simply causes it to grow. This is very clearly evident in our numerical experiments. The presence of the
condensate does not destroy weak turbulence theory but radically changes it because we now have to
study fluctuations not about the zero state but about the condensate state. This changes the dispersion
relation to one which admits three-wave (decay type) resonant mixing processes. The weak turbulence for
this case is given in section 4. The weak turbulence theory for the fluctuations about a condensate which
includes defects will be given in a later publication. In the focusing case, @ = + 1, the condensate is
unstable to the modulational instability and therefore cannot form. Instead a series of collapsing
filaments, which occur randomly in time and space, are formed and they carry number density very
quickly and in a very organized fashion back to large wavenumbers where each collapse deposits a finite
and approximately constant number of particles. This secondary cascade of number density to high
wavenumbers, caused by nonlinear behavior near k =0, gives rise to intermittent behavior which we
clearly observe in the dissipation function. As we have shown, the energy, that is the value of H
associated with each of these filaments, is zero. The structure of each of these collapses is identical and
well understood and in phase space corresponds to a heteroclinic connection to infinity (HCI) spoken
about in earlier articles [11]. We calculate, for the first time in the literature, the number of particles
dissipated by each of these events in the limit as ¥y, the damping, goes to zero. As already mentioned, the
frequency of collapses will be determined by the rate of flow of particles to the origin in & space.

In summary, turbulence in the focusing case consists of a coexistence of weak turbulence, dominated
by resonantly interacting quartets of wavepackets whose statistics is almost Gaussian, and a field of
randomly occurring collapsing filaments whose statistics has the character of a Poisson distribution in
both time and space and whose parameters are functions of the inverse cascade rate of particles. A high
frequency rate of collapses in both time and space will alter the probability density function (pdf) for the
field ¥(x,t) and in particular the tails of this distribution will show a significant deviation from
Gaussianity, a property which can be used as a definition of intermittency. Moreover, the Kolmogorov
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spectrum (1.20), corresponding to constant energy flux to high wavenumbers will be altered by the
presence of the intermittent collapses. We can directly control the amount of intermittency by (a) not
exciting large-scale structures susceptible to fast instabilities and (b) applying damping in the low-wave-
number region so as to inhibit the feeding of the same unstable large-scale structures through the inverse
cascade. In the limit of large damping at low wavenumbers, the intermittent behavior is entirely
suppressed and a pure Kolmogorov spectrum is obtained.

We suggest that this scenario may also be relevant for explaining the deviation from a pure k~
Kolmogorov spectrum in three-dimensional hydrodynamic turbulence and more importantly the devia-
tion from the Kolmogorov behavior of the higher order moments of velocity gradients [12]. It is
consistent with the pictures of Kraichnan [13] and She [14]. Kraichnan shows how the deviation from
Gaussian behavior in the probability density function (pdf) for velocity gradients can be explained by
following the dynamical and nonlinear evolution of the pdf due to the combined influences of straining
and viscous relaxation. She follows Kraichnan but is more specific in attributing the non-Gaussian
behavior to local structures with high-amplitude fluctuations in the velocity gradient field. By contrast we
suggest a physical mechanism for intermittency by identifying a source (the inverse cascade) for building
the large-scale structures whose instabilities lead to intermittent events, a source which is present even
when these structures are not directly forced or even when the external forcing has been switched off. It
requires the presence of a second integral of the motion which causes a drift of some conserved density
J, towards low wavenumbers where large structures attempt to form. When these large structures are
unstable and when the growth of the instability is not saturated at finite amplitudes but rather is
explosive in nature, then this leads to highly organized random and almost singular events which greatly
alter the premises of Kolmogorov theory. In a parallel Letter [15] and in the conclusion of this article, we
explore, for the hydrodynamic case, two candidates for the second finite flux motion invariant. They
correspond to the averages of the squares of linear and angular momentum (the Loitsyanskii invariant)
respectively. The existence of the latter depends on a zero value of the former [16]. Neither is the latter
an exact invariant because long-range pressure correlations lead to a leakage of squared angular
momentum spectral density through &k = 0 just as the energy is not an exact invariant because of the
leakage of its spectral density through k = «. We argue that the inverse cascade in three-dimensional
hydrodynamics has similar consequences to the inverse cascade in NLS. Large vortical structures attempt
to form but are unstable to small-scale instabilities. By contrast, in two-dimensional hydrodynamics,
energy drifts to large scales and creates highly stable large vortices so that the Kolmogorov spectrum
corresponding to a constant flux of entropy to high wavenumbers (E, ~ k) is undisturbed.

We freely admit that the analogy is far from complete and that the arguments in the hydrodynamic
case are much less compelling than they are for optical turbulence. In particular, the identification of the
spectral density whose inverse cascade builds large-scale structures susceptible to collapse-like instabili-
ties and the nature of the instabilities themselves can best be considered as suggestions. Nevertheless,
the importance of an inverse cascade in so many contexts, in optical turbulence, in feeding large vortices
of the two-dimensional Euler equations, in ocean waves where it is the only mechanism that explains the
presence of “old” waves travelling faster than the wind, suggests that the ramifications of its presence
also be explored in other situations.

The paper is organized as follows. In section 2, we reproduce the weak turbulence description of NLS
in the case where the mean (¥) can be taken zero for all time and derive the kinetic equation. In
section 3, we study for the general case the solutions corresponding to thermodynamic equilibria, pure
Kolmogorov and modified spectra and combinations thereof, as well as the self-similar solutions which
describe the relaxation of the turbulence either the zero or Kolmogorov states. We shall see that, in the

5/3
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case of two-dimensional optical turbulence, neither of the first two stationary solutions turn out to be
relevant. They are relevant for three dimensions although the high-frequency equilibrium state (1.20),
corresponding to a finite energy density flux, requires logarithmic corrections. In section 4, we discuss
weak turbulence in the presence of a condensate produced, in the defocusing case, by a constant flux of
particles towards w = 0, and obtain a kinetic equation with entirely different properties. Again, we look
at the relaxation of the turbulence to its stationary states. In section 5, we return to the focusing case and
discuss the nature of a collapsing filament and in particular show that the dissipated power depends very
weakly on damping (i.e. like InIn($~!). In section 6, we describe the numerical algorithm and, in section
7, discuss the numerical results. In the conclusion, we speculate about the ramifications of the ideas to
other situations and in particular uses the optical turbulence as a paradigm for discussing fully developed
hydrodynamic turbulence. In appendix A, we derive some useful formulae.

2. Weak turbulence description of the NLS equation

Let ¥(r,t) be a spatially homogeneous random field satisfying the equation
(¥ +9P) + AV + | ¥|*¥ = 0. (2.1)

Here ¥ is a linear term, describing an interaction with the “external world” - wave damping and
instability. We want to develop a statistical description of the field ¥. It can be done self-consistently if
the instability and the damping are small (¥ < A¥). In this case the nonlinearity basically can be
considered also small, and perturbation series for the moments of ¥ can be effectively exploited. Here
we discuss the results as they apply to (2.1). It is convenient to introduce a generalized Fourier
transform,

A(k,t) = Jw(r,tye *rdr, w(r,r)= (—2—1)d7f,4(k,t)e“‘"dk. (2.2)

1
(2_“_)4/2

The function A(k, t) satisfies

(;?H(k)ﬂw(k))/!(k): 1:)2 f,4=;;l,4k2,4,(35(k+k1—kz—k3)dk1 dk,dk;. (2.3)

(2

Here o, = k?, y(k) is a decrement of damping if y, > 0 or a growth rate of an instability if y, <0. In all
cases considered, the damping component of y(k) has support only near k =0 and k = o while the
excitation component of y(k) will have support in a band surrounding some intermediate wavenumber
k-

We are particularly interested in the evolution of the two-point correlation function,

(A1) AL(1)) =nd(k - k). (2.4)

We will call n, the “wave action” or “particle number” distribution. The latter name reminds us that the
field ¥ can be considered as a classical limit of a quantum field describing a weakly interacting Bose-gas.



8. Dyachenko et al. / Optical turbulence 105

We also introduce the fourth-order correlation function
(A1) A (1) AL(1) AL (D))
=nn [8(k —k,)8(k, —k;) +8(k —k3) 8(k, — k,)] F Dk ey, Ok +ky —ky — k3)
=fkk1,k2k3 S(k+ky—k,—ks), (2.5)

which we write as the sum of products of second-order moments and the fourth-order cumulant I, Ky k ok
I is zero if the process is exactly Gaussian. 7 is the fourth-order moment. We find, for d = 2,

on

a A
= +2y(k)n, = 517[ Im £y i, 8(k+ky —ky —k3) dk, dk, dk,. (2.6)

To close eq. (2.6) one must estimate IAkkh x5k, through n,. This is done in refs. [9, 10]. One obtains

R 1 (rk+rk,+Fk2+rk3)Fkkl,k2k3
Im Ikkl,k2k3= ; 5 _ _ ~ VA (2.7)
where
d7a
Frry kg, = 3 (Mg i, + Pl Ry~ My Ry My, = Ry ny ), (2.8)
(2m)
2a
o=k?>— —— [n, dk, 2.9
(217)2[ , (2.9)
Li=w+ Ty, (2.10)
2ma’
‘= my? f(n,anz g =g n ) S(k kg —ky — k) 8w, + 0y, — wy, — w0, ) dk, dk, dk;.

(2.11)

The last formula has a simple physical explanation. As a result of mutual interaction, the waves change
their dispersion law (w, — @, ) and acquire an additional damping (y, — I',). However, these changes are
small,

Wy — Wy

£<<1, <1

Wy 73 ’
and so, approximately,
I Ly aoey = Frkey iy 8@ + 0y~ Wy, — W) (2.12)

Substituting (2.12) into (2.6) we obtain the fundamental equation of a weak turbulent theory — the kinetic
equation for waves,

on
a_tk +2vy.n, =st(n,n,n). (2.13)
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Here

4mra?
(2m)*
Xo(k+k —k,~k;)d(w,+ w0, —wp, —w,,)dk, dk,dk, (2.14)

st(n,n,n) = f(nklnkznk3 g, — R R — g ng)

is a collision term that can be rewritten as

st(n,n,n) =f, ~2In,, (2.15)
where
dra’
fo= aﬂ—)—z/’nklnkznka S(k+k, —ky— k) 8(w, + 0, — 0, —w,)dk, dk,dk; > 0. (2.16)

The particle number at k is increased by the contributions from all its four wave resonant partners and is
decreased by its own interaction with the same resonant partners. So we have

an, =
T +2Fknk=fk. (217)

The stationary solution of (2.17) is
_ S

n, — > 0.
k

Hence I « > 0. It means that in a stationary state all waves have some positive damping decrement. We
note, however, that the irreversible nature of (2.13) does not require the presence of any real damping
v(k). As is well known, irreversible behavior can result from reversible systems when one considers
certain limits [10]. In obtaining the kinetic equation, we allow the time T, = w,f, measured in units of
inverse wave frequency w; ', to tend to infinity while keeping the resonant interaction time T, = I, ¢
fixed. The resulting neglect of all nonresonant interactions as seen through replacing sin[(0 + @, — w, —
wtl/(w+w; —w, —w;) by wsgntd(w + w, — w, — w;) introduces the arrow of time.
Eq. (2.3) can be rewritten in the form

3 . OH
(—at +7k)Ak+l_;FaAk =0, (2.18)
where
_ * _ a * gk I
H= [w,4, 4% dk 2(217)2'[Ak t Ay A 8(k +ky —ky— ky) dk dk, dk, dk;. (2.19)

Thus, (2.18) is a Hamiltonian system if y(k) = 0. Weak turbulent theory also obtains for systems (2.18)
with a more general Hamiltonian,

H= [0 A AL dk + 5 [T, g, AAAT A, Ak, 8(k + k) ~ by~ k) dk dk, dk, dks, (2.20)
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where, in order for the system to be Hamiltonian, we must have
Tk kaky = Tigrn ke, = i oy = Tk ek (2.21)
The kinetic equation for a system with Hamiltonian (2.20) is

on,

a4 2% = [ Tk, ok, 10 T, iy, S(K + Ky = ky = k3) dk, ke, dkey = st(n, n, n), (2.22)

where

2
st(n,n,n) = 417/|Tkkl’k2k3| (R g, R My — Ry Ry —Ryny Ry )

The formulae corresponding to (2.9)-(2.11) are

By =, + kakl,ksznkl dk,, (2.24)

2
Iy = 2wf|Tkk|,k2k3 |"(rae e, + e i, — e, mi,)
X8(k—k,—k,—k;)6(w, + W, — o, —w,,)dk; dk, dk;. (2.25)
These formula are valid for a medium of any dimension d > 2.
We can greatly simplify the kinetic equation (2.22) if the original system, such as the NLS equation
(1.10), is isotropic. It means that the frequency » depends only on the modulus of the wavevector k, and
Tk, koks is invariant with respect to an arbitrary rotation of all vectors k; through the same angle. In this

case one can find an isotropic solution of the kinetic equation n =n({k[). It is then convenient to
introduce a variable w = w(k), k = |k|. In the new variables, the kinetic equation becomes

N
ar T 2V(@) N(@) = [ [ [(ny a4 Ruly g = 1y B, = Tl 70) S s,
X(w+w, ~w,-w;)do,do,dw,

= T[n(w)]. (2.26)

Here N, is a frequency distribution, corresponding to the number of particles in the frequency band
(w, w + dw), defined by the following equation:

[N, do= [n,dk, (2.27)

or N, = Q,k(dk/dw)n,, where £, is the solid angle in d dimensions and n, = n, expressed as function
of w through w =k*.
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The coeflicient S is given by

-1 dk dk, dk, dk 2
et ww; = 470 ( Kk ko k3) 13; mll“ d_wz 3‘53;<| Tk, k| O(k + Ky "kz_k3)>, (2.28)

where by the brackets { ) we mean that we have integrated over unit spheres in k, ky, k,, k3 space,
namely we have integrated over all the angular contributions. For the simplest case of NLS (Tyy 4,4, =
—a/(27)?) in two dimensions this averaging is carried out in appendix A. In that case, on the resonant
manifold o + @, = w, + 0,3,

S _ 1 1 2(“""1"’2“’3)1/4 (2.29)
e 2 (way) P+ (wa03)' | (w0r) " (@300) " [ '
where
/2 dd)
Fa)= f 2 oin2 3)1/2
0 (1—g*sin®¢)
has integrable logarithmic singularities on w, = (whence w; = ,) and w; = @ (whence w, = ;). The
function §,,, .., has natural symmetries inherited from Tix, 4k
Swwl,wzw:; = Sw2w3,mw1 = Swlw,wzw:; = Swwl,w3w2' (2'30)

In the absence of damping and instability (v, = 0), the equation for n, has the following “formal”
integrals of motion:

N=fnkdk, (2.31)
P=fknkdk, (2.32)
E= fwknkdk. (2.33)

In a statistically homogeneous medium, we can take P = 0, and, if the turbulence is isotropic,

N=['N,do, (2.34)
0

E= [ wN,do. (2.35)
0

We can write (2.26) as

oN,, R Q
i F2No=TInl= 35 =34

(2.36)
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and then the equation for E, =wN,, is

oE,, P
TS + 2‘wam =wT[n] = — o’ (237)
where
R=["(w-&)T[n]do, 0= [‘T[nlde, P= - [(wT[n]dw. (2.38)
0 0 0

At this point, it is very important to distinguish between two types of integral of motion. We will imagine
that the suppert for forcing and damping occurs over certain intervals of frequency space, damping near
w = 0 to absorb the inverse cascade of number density, excitation in a small interval about w = w,, and
finally high-frequency damping for w > w,. Between these intervals there are windows of transparency in
which only the transfer term T[n] in (2.26) is important. Let (a, b) be an interval in one of these windows
of transparency. Then (3/3t)(’N, dw and (3/0t)[’wN,dw can be written as Q(b) — O(a) and P(a) —
P(b) respectively. We call the integrals [’N, dw and [’wN, do true integrals of motion if there is no
flux into or out the interval through either boundary, i.e. Q(b) = Q(a) = P(a) = P(b) = 0. These integrals
are associated with stationary solutions 7[n] = 0 of (2.26) which are thermodynamic equilibria (an equal
sharing of number and/or energy density by all frequencies). The presence of damping at high
frequencies, however, renders these solutions of little interest because damping causes a finite flux of
energy.

Therefore the motion constants which are of most interest are those for which [’N, de and [’oN, dw
are constant because the fluxes Q and P are equal at the ends of the interval. We call these finite flux
motion constants. They are particularly important because they are compatible with a class of finite and
constant flux stationary solutions of (2.26), namely the Kolmogorov solutions for which T[n] =0 and
either Q or P is a nonzero constant. We now turn to a discussion of the different possible solutions of
(2.26) and in particular their relevance in the context of optical turbulence. '

3. Solutions of the kinetic equation

Let us now study the principal properties of the kinetic equation for waves and its most important
special solutions. It is convenient to use a quantum-mechanical language and interpret n, as a
distribution function for particles of a strongly generated Bose-gas. Then N, is a “density of particles” in
frequency space and E is a “density of energy”. Q and P are the fluxes of these quantities, respectively.
A positive Q(P) corresponds to a flux of particle numbers (energy) towards low (high) frequencies. We
imagine that the system is driven by instabilities at intermediate values of the frequency and damped at
large and small frequencies. Suppose that y(w) <0 in some vicinity wy—Aw<w<wy+Aw of a
frequency w. It means that there is an instability in this interval of frequencies. Due to nonlinear effects,
this instability saturates on some stationary level and the particles are produced at the rate

oN wy+ Aw l
3= —2fwo°_Aw y(0) N,do=Q,, ‘ (3.
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and energy at the rate
oE wy+Aw
5 = 2" “y(w)oN,do=E,. (3.2)
wy—Aw
Suppose also that the saturation of the instability leads to the establishment of a stationary state on the

whole axis 0 <w <o without a leakage of particles and energy at w = 0,%. Integrating the kinetic
equation over w, we get the obvious balances

fow'y(w) N,dw =0, (3.3)
j:w'y(w) N, dw=0. (3.4)

Since N, = 0, conditions (3.3), (3.4) mean that there must exist regions of damping where y(w) > 0. The
rates of damping of particle numbers Q4 and energy E; must equal those of production, namely

0,=0,, E4=E,. (3.5)

Introducing averaged frequencies of pumping and damping,

wp=ED/Qp’ wd=Ed/Qd’ (3.6)
we see that
w,=w,. 3.7

This very simple relation leads to the nontrivial conclusion: there must be at least two regions of damping
placed at both sides of the instability region in order to achieve a stationary state. Suppose we have only
one damping region, for instance at o > wy,+ Aw. It is then obvious that wy > wy, + Aw. On the other
hand, since w,, lies inside the interval of instability w, — Aw <0, <w, + Aw, the equality (3.7) cannot be
satisfied. Therefore because there is a flux in both directions, a stationary state requires damping at both
high and low frequencies.

We can think of this also in the following way. In real physical situations, various different mechanisms
cause damping at high frequencies w ~ @, > w,. If this is the only damping, then it is impossible to
reach equilibrium. Why? A particle born in the instability region carries with it an energy w, but a
particle dying in the high-frequency region carries an energy w ~ w, > w,. Energy balance, therefore,
requires that less particles die than are born by at least a factor w,/w,. Some particles increase their
energy as a result of nonlinear interactions. In this process, the “lucky” particle picks up energy from
many unlucky ones and escapes to infinity. The “unlucky” particles now carry lower energies w < w, S0
there is a natural drift of a number of particles to low frequencies. It is clear that in order to establish an
equilibrium state, a low-frequency damping of particle number must exist. The only alternative would be
that the origin » = 0 has an infinite capacity and can forever absorb a finite number of particles flowing
towards it. In the most interesting case this damping is concentrated at very low frequencies w ~ w, < w,,.
Then almost all the energy produced by the instability is absorbed at high frequencies w ~ w4, and
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almost all particles are absorbed in the low-frequency region w ~ w,. In other words the nonlinear
interaction causes energy transport to the high frequencies and particle transport to the low frequencies.

The existence of the inverse cascade has been argued on the basis of weakly nonlinear theory for
which the spectral density of energy E_, is approximated by wN,. On the other hand, for the
two-dimensional Euler equations, one can show that both the energy and mean squared vorticity
densities are conserved by each triad interaction between wavevectors k,, k, and k; with k, + &k, + k; =0.
Because each density is a positive definite (each is also quadratic) functional of the Fourier components
of the velocity field, one can argue the direct cascade of enstrophy is accompanied by an inverse cascade
of energy. For NLS, for each four-wave interaction, not necessarily resonant, between the Fourier
amplitudes 4;, j =0,1,2,3 of wavevectors kO,kl,k2,k3,k0 +k, =k, + k5, one can find that the num-
ber den51ty N= IAOI2 + |A,|2+ |4,1* +14,)* and energy density H = wylAyl> + w,[4,)* + w,l A, +
w4l Ay — 20(AXA* A, A5+ Ay A, A AY) —aN? + Ja(|Agl* + A, +A4,]* +]A45]*) are conserved. Be-
cause H is not positive definite in the focusing case « = + 1, one cannot argue that the inverse cascade
will persist when the fields are fully nonlinear. In the defocusing case, « = — 1, one can. We anticipate
that, even in strongly nonlinear fields which include many collapsing filaments, the nonlinear wavetrain
component of the solution will still produce an inverse cascade. In particuldr, we conjecture that the
radiation produced after an incomplete burnout of a collapsing filament will drift to low wavenumbers
and participate once again in the nucleation of collapsing filaments.

In many physical situations, the transport of particle number density and energy density is “diffusion-
like”. It means that only particles having frequencies of the same order interact strongly. This property of
turbulence is called “locality”. The picture of “local” weak turbulence could be compared with the
Kolmogorov’s picture of a well-developed turbulence in an incompressible fluid. The advantage of the
present situation is that, because it allows closure, the theory of weak turbulence is in principle much
simpler than its counterpart in incompressible fluids. For example, the property of the local nature of
energy transfer in hydrodynamic turbulence is nothing but a very plausible hypothesis. In the theory of
weak turbulence this property can be checked concretely. What does locality mean? It means that there
exist certain windows in frequency and wavenumber space in which the rate of change of number or
energy density is given purely by the undamped, unexcited kinetic equation

aat =st(n,n,n) (3.8)

and consequently we require the r.h.s. of (3.8) to converge for values of k in these windows. Convergence
of the integral means that the strength of the resonant interaction, as measured by S(w, 0, w,, w;),
decays sufficiently fast as |k; — k|, |w; — wl, j = 1,2,3 becomes large. This is not a very strong condition. It
does not imply that only those frequencies close to « contribute to the change of N,. It does mean,
however, that these interactions are more important than the nonlocal ones. We will mention later, and
give more details in a later paper, that if one assumes the interaction to be strongly local, then st(n, n; n)
can be replaced by a differential term proportional to
aZ aZ .
27" (3.9)
where s=2 if d=3and s=5if d=2.
Let us now assume that locality is guaranteed. It means that in the windows of transparency
0, <w <w; and w; < w < w,, we can neglect damping and instability. A stationary state is described
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by
3’R :
T =— = ‘ .
[n] ™ 0 (3.10)
with
R(w)=wQ+P
® N P 1 1 1 1
_'/(‘) (w—w)dw j;,j>0nwnwlnw2nw3(n—w+n—u:"n—wz'—;;
XS ot yp0; (@ + @) — @) — 03) dw| dw, dws. (3.11)

We now discuss several classes of solutions.
3.1. Thermodynamic equilibria

It is easy to see that if

n(w,T,p) = , (3.12)

ut+w,

(3.10) is satisfied because the integrand of st(n,n,n) is identically zero, and in particular the flux of
number density Q and flux of energy P are also zero. This is the Rayleigh-Jeans distribution and by
analogy with standard thermodynamics the parameter T is called temperature and u is called the
chemical potential. The presence of damping at large frequencies means that this solution cannot be
relevant there because E, = wN, — T as w — ». Because E_, must tend to zero as @ — =, the effective
temperature of the thermodynamic solution would have to be zero!

These solutions also lead to an exactly Gaussian final state [10]. In the perturbation analysis which
leads to the kinetic equation, the only surviving part of the fourth-order cumulant is the integrand of
st(n, n, n), which is zero on the thermodynamic equilibria. This is not the case for the finite flux solutions.

We will return to a modification of the solution (3.12) corresponding to a finite fiux, Kolmogorov-type
spectrum on a thermodynamic background which has particular relevance to the two dimensional NLS
equation after we discuss the pure Kolmogorov spectra.

3.2. The Kolmogorov solutions

We next turn to the class of solutions for which the fluxes of number density Q and energy P are
finite. Such solutions depend on two parameters and frequency

n=n(w,P,Q) (3.13)

and, for P, Q > 0, we assume the existence of an energy source at w = 0 and a number of particles source
at w = . It is difficult to find general formulae, but solutions with a power law behavior

n=cw * (3.14)
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O
A4
Ay
®
L
4z
J
0 ® [ Fig. 1. The integration domain A =4, VA, UA;UA,.

are possible whenever either P or Q is zero. Substitute (3.14) into the expression of T(n),

o0
1
T(n) = Li>OS(a),w1w2,w3) n,n,n,n,, ﬁ: + o T~ r

We can perform the integration over w, and then the integration region A in the w,, w; plane is w, > 0,
03> 0, w; =w, +w; — >0, namely all ®,, w, is the positive quadrant above the straight line w, + @,
= w, as shown in fig. 1.

The following conformal transformations:

w? (0 + @y — ) _— wwy
Wy = —, W3=———3——>, implies w, = —,
w; w3 w3
27 Wytwi—w’ T3 whto,-w’ LA
2 3 2 3 . , 1
ooy + o — ) w? L 0w -
W, = ——————= wy=— implies w, = —= 3.16
w3 O Wy 1 wfy ’ ( )

with Jacobians (0 /w})*, (0/w))* and (w/w})* (o = &, + 0y — @) respectively, transform the regions
A,, Ay and A, onto A;. Now recall that S(w, w,, w,, ®;) is the angle average over ITkkhkzk_;I2 and if T be
homogeneous of degree B, then

S(ew,ew,cwew;) =€"S(w, v, w,, w;), - (317)

where
y=(2B+3d)/a -4, .. (3.18)

and o = k® and d is dimension. In the case NLS, 8 =0, @ = 2, y = 2d — 4. Recalling from (2.30) that §
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is symmetric under the interchange of index pairs, we obtain

T(n) =c3fA S(w, 0, w,, w;) (ww1w2w3)_x(w" + ol -0} —wl) (o +to, -0, - ;)
i

y y y
X[l—(-aiz—) +(&) —(&) ]dw,dwzdw3,
w w w
which, by writing w; = w¢;, j = 1,2,3, can be written as
T(n) =c’w™ U(x,y), (3.19)

where

I(x,9) = [$(1 61,62, 6) (bifats) " 8(1 46— 62— &)
X(1+£5 — & — &) (1 +E — £ — £) d¢, d&, dg;, (3.20)
and
y(x,9(B.d,a)) =3x+1~ (2B +3d)/a=3x—y 3. (3.21)

The region of integration in the £,, ¢; plane is the triangle 0 <§,<1, 0<§;<1, £,+§;> 1. In what
follows, it will be convenient to think of the integral I as a function of the two independent variables x
and y rather than x and y. The existence of T(n) or what we have called locality requires that I(x, y)
converges for values of x and y in the neighborhood of those values for which I(x, y) vanishes. In
NO0<E,<1,0<E5<1, &+ &3> 1), the neighborhood of &, ~&;~ £, =§,+ £, — 1 ~ 1 corresponds to
interactions between neighboring wavevectors and frequencies. The lines §,=1 (whence &, =¢;) and
£;,=1 (whence ¢&,=¢,) correspond to modal interactions and the integrand is zero there. The line
&, +&;=1 or £ =0 corresponds to interactions involving frequencies w, =wé, =0, w,, w; * 0 which
are not close together. If the Kolmogorov exponent x is positive, then the product £7*8(1, &, &,, &,) will
need to tend to zero as £} with r > —1 in order for the integral I(x, y) to converge. From (2.28), we see
that for NLS, S — £¢9/2! and the condition for locality is that x < 3d. We will see below that the
relevant values of x are x =x; = 3y + 1 =1d — } and x =x, = 3y + % = 3d so that the locality condition
holds in the first case but not in the second. Nonetheless, the second case is marginal in that the
divergence is very weak, proportional to In(1/£,) as ¢ — 0, and can be overcome by introducing a
correction to (3.14) involving a logarithmic factor.
Observe that

100, y) = I(1,y) = I(x,0) =I(x,1) = 0. (3.22)

The thermodynamic equilibrium solutions correspond to the choices x =0 or 1. the Kolmogorov
solutions correspond to the choices

y=0 or y=1,
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for which

x=x,=2B/3a+d/a—3=3y+1, (3.23)
or

x=x,=2B8/3a+d/a=3y+3%. (3.24)

From (3.19), let us now compute the fluxes for the two cases y =0, 1. For O, we obtain
w , w"y
Q(x,y) = f T(n)de =cil(x, y)—:;,
0

which in the limit y -0, x - x,, is

ol(x,,y)
S ik S LA 325
Q Ci dy =0 ( )
Note I(x,,1) =0 so that Q(x,,1)=0.
For P we obtain
—y+1

P(x,y)= —j W T(n)de = =3 I(x,y) —— 2T

which in the limit y = 1, x —> x, is
al(x,,
P=c§—(—i.§i—)2 . (3.26)
. P2

Note I(x,,0) = 0, so that P(x,,0) = 0. From (3.25) and (3.26), we find c, and c¢,. From the positivity of
n, P and Q, we require ¢; and c, to be positive which will establish a range of y for which these
solutions exist. A negative ¢, would correspond to a negative Q and a flux of particles towards high
frequencies which is incompatible with energy conservation and the fact that the presence of viscosity
induces an energy density flux towards infinity.

A little calculation shows that

_Al(x,,0 —x,
Tz = [ S(LE, 60, 8 (i6as) (16— £ £)
x(1+ ¢ - g5 - 65 nf 252 ) ag, ag, a6, (3.27)
and
aI(xz,l)

= [ SCLE 6 £5) (Bi6a£) ™7 8(1+ 61— 65— £) (14 €1 — €52 - £39)
X [£;In(1/§,;) + €3 In(1/€,) — €, In(1/¢,)] d€, d§, dé,, (3.28)
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which are each positive providing
F(x)=1-é7—&5-¢3. (3.29)

F(x) is positive when x <0 or x > 1. The fact that In(£,£,/£,) > 0 follows from the positivity of the
product (£, — 1X£&; — 1). The positivity of &, In(1/¢€,) + &, In(1/£;) — &, In(1/€)) in the triangle {2 is a
little more difficult to prove. Convergence of (3.27) and (3.28) requires further considerations. We have
learned that S(1, £,, £,, £,) has logarithmic singularities on (¢; =1, £, = £,) and (§; = 1, &, = £)). So does
In(£,¢5/£,). But these are canceled by the zero of F(x,) and F(x,). The obstacle to the convergence of
8l(x,,0)/dY and 8I(x,,1)/dy is the behavior of the integrand near the line £, = £, + £, — 1 =0, just as it
was for I(x, y) itself. If S ~ &7 as ¢, = 0, the change of coordinates to ¢, = £, + £; — 1 and either &, or
£, near £, = () gives

fog;m(ln £,) dg,, (3.30)
where j=1, x=x, in (3.27) and j = 0, x =x, in (3.28). The behaviors are
1 o+1—x,
gorI-x n1§1 + L ~| and S )
xl- - (x1+0._1) x2—1—0'2

Convergence of (3.27) requires x, < 1+ . For NLS, 0 = 1d — 1 and x, = 1d — 1 so that this condition is
satisfied for all d. Convergence of (3.28) requires x, <1+ o which for NLS where x,=1d and
o = 1d — 1 is marginal. Thus 3I,(x,,1)/3y diverges weakly as In(1/¢,) as ¢ — 0. We remedy this weakly
divergent behavior by introducing a cutoff w_ so that the region of integration 2 is w < w,, w; <,
w, + w; > w.. This means that c, is weakly frequency dependent and we can incorporate this into (3.14)
by introducing the muitiplicative factor [In(w /w)]~1/3.

When all integrals do exist and when the fluxes P and Q are positive, the pure Kolmogorov solutions
are

a(x,,0)\”"?
n=(——(—3y‘——)) QP31 (3.31)

with finite flux Q and zero flux P and

-1/3
n= (————al(;;’ D ) P1/3=4/3=7/3 (3.32)

with zero flux Q and finite flux P. For NLS when d = 2, the sign of Q is negative so that (3.31) does not
hold and we are forced to seek an alternative solution for the stationary state in the left transparency
window w, < w < w,.

3.3. Finite temperature Kolmogorov solutions

We conjecture -that in general there should be a four-parameter family of solutions

n=n(w,T,u,P,Q) (3.33)
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which have approximately the Rayleigh-Jeans thermodynamic character of equal energy density or
particle number densities but yet a finite flux of either one or both quantities. We do not know how to
build such solutions in general but will give a perturbation construction which leads to a solution which
seems to be realized in the left transparency window of the two dimensional NLS equation. The reason
that the nonzero temperature thermodynamic solution may have relevance in the left transparency
window is that the source of particles and energy acts as a buffer at w = w, and isolates this portion of
the spectrum from the dissipation sink at high frequencies.

Let us suppose that a solution of (3.10) is close to the thermodynamic one (3.12). Then it is reasonable
to search for a solution in the form

T

n=m+—¢(57, d<u+ow. (3.34)

The linearized equation (3.10) can be written as

~ $(0) + d(w,) — d(w;) ~ d(w3)
T(m)=T[  Cutw) i T o) (h+on)(a Foy

Xé(w+w, —w,—w;)dw,dw,dw;=0. (3.35)

S(w,w;,w,;, ;)

In the region w > u, one can find a solution in the form of a power function,
¢ =cw*. (3.36)

We obtain, after again using the conformal transformations (3.16),

T(n) =cT’0 " U(x,y), (3.37)
where
y=1-x-1v, (3.38)

v is given by (3.18) and

I(x,y) =/;IS(1,§1,§2,§3) (616:6,) 7 8(1+ £, - &, - &)
X(1+&7 - €3 - E)(1+ &7 — €3 — £]) d£, d§, dEs, (3.39)
where £ is 0<§,,§,,£, <1 with & =§,+ &; — 1. The zeros of T(n) are given by x=0,1, y=0,1 or
x=0,1,1—-vy, —7v. (3.40)
The root y =0 or x =1 — y gives rise to constant number density flux, |

0(x,7) =cT3w‘Y(— %I(x,y)) bindd cT3(— M).

3y 'j ' (3.41)
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The constant ¢ is given by
€= (%)[Ls(l,fufzyfs) (£,£,83) (1 + €, — &, &3)

X(1+f%_7" 2T é_y)ln(%)dﬁng:f,]- . (3.42)

1

For positivity we require vy to lie outside the interval (0, 1). For two-dimensional NLS, y = —1. However,
again we have a problem with convergence because near ¢, =0, the integral in (3.42) behaves as
JQA/EDIn(1/€,)dé, which diverges at £, =0 as [In(1/£,)]°. But this is a weak divergence which can be
remedied by introducing a cutoff wavenumber w, so that the region of integration (2 becomes
w,/0<€£<1, o /o<E<1, &+ €& > w, /o. This means that c, instead of being constant, is (weakly)
o dependent like In*(w_./w) but we could have absorbed this behavior in n(w) by introducing this as a
further correction in (3.26) by taking ¢(w) = cw? In*(w,/w). We find that the solution

T
"= u+w+aQT 3w in?(w. /o)

(3.43)

is indeed relevant in the left transparency window.
The second correction of Kolmogorov type x = —v will appear to have more relevance for the flux of
energy density. Writing

1
y—1

P=—fww’T(n)dw’=cT3w'y“( I(x,y))—+cT3M asx— —y and y-—1.
0

dy

But I(x, y) has a double zero and

al(x, —x
TEIV =[50, 60,80, 80) (Gi6a) 51+ 6~ £2-£2)
y=1 N
X{(1+ €7 - &5 - ) [£2,In(1/€;) + &5 In(1/&3) — &, In(1/£)] } d&, d¢, d&;
(3.44)
a single zero as x= —y=1 and y=1, and therefore for two-dimensional NLS, it would appear

aI(1,1) /9y is zero. But without the factor (1 + £f — &5 — £3), the integral (3.44) diverges like In(1/£,) as
&, = 0. Carefully taking the limit by setting y= —1+ 6 and remedying and remaining logarithmic
divergence by introducing a cutoff, we find that a solution ¢(w) can be found in the form

d(w) =cPT?[w/6 +wIn(w /w)]. , (3.45)
The first terms can be absorbed into the thermodynamic part. Therefore a correction
d(w) =cPT %0 In(w, /o) (3.46)

is possible. However, unfortunately it is too large to be a correction to the thermodynamic spectrum in
precisely the region where we need it to cause E, = wN, to decay, namely at w = «. Therefore, it is not
likely to be relevant in the large  region.
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Let us now interpret these results. Distributions such as (3.34) can be understood as Kolmogorov
spectra on a thermodynamic background. The distribution (3.43) is a Kolmogorov spectrum correspond-
ing to a constant flux of particle number Q to the region of small w. The distribution (3.46), if relevant,
could be interpreted as a Kolmogorov spectrum corresponding to a constant flux of energy to the region
of large w. It is not easy to find a necessary and sufficient condition for realization of these spectra in real
situations. The following two statements look plausible and are consistent with intuition about Kol-
mogorov-type spectra in turbulence. (1) The function ¢(w) should be positive. Otherwise: there is no
guarantee that n(w) will not acquire a singularity. (2) The functions ¢(w) should satisfy the asymptotic
conditions .

dHw)/w—0 asw—0 (3.47)

for the spectrum (3.34). Statement 2 means that the Kolmogorov part of spectrum decreases inside the
left window of transparency and that at low frequencies, a thermodynamic equilibrium obtains.

3.4. Logarithmic modifications of Kolmogorov spectra
The presence of a double root at x =y =1 in I(x, y) suggests that solutions such as
n=co (lnw)’ (3.48)
may be relevant. Indeed substitution of (3.48) into the expansion (3.19) for T(n) gives

T(n) =0 (lnw)*I(x,y) + o z(Inw)* ' L(x,y)

+c% 7 (Inw) X[ 3z2(2 = 1) (%, ) + 22 (x, )] + & (07" (In 0)* ), (3.49)

where I(x,y)=1I(x,y) and I(x,y), I(x,y) and I(x,y) are expressions like I(x,y) containing
products of In ¢;, j = 1,2,3. Assuming convergence of all integrals, the following properties hold:

I(x,1)=1(1,y) =1,(1,1) =0,

af(x,1) ol,(1,1
B Tt A b e e A Sk v
dy dy

=I,(x,1), =0, Ij(1,1)=1I,(1,1) #O0. ~ (350)

Therefore, after little calculation, a lot of cancellation occurs, and
P= - [“oT(n)do = - 3c%0,(1, ) (Inw)* ' + #(In w)**

and the choice of z = 3 gives

— 6P 3 -1 1/3;
n—(13(1’1)) o~ In'3(1 /w). (3:51)

Unfortunately, I;(1,1) is negative and wn-— » as @ — =, so this solution also does not appear to be
relevant. In fact, we have not yet been able to deduce the large-frequency behavior of the stationary
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spectra for two-dimensional optical turbulence. We find that in order that the turbulence remain weak in
wy < w < wy, the production rate must be very small. We do reach a quasi-equilibrium state close to 0 %
but it is not stationary and appears to be still relaxing.

3.5. The differential approximation for strongly “local” transfer

If the coupling coefficient S(w,w,,w,,w;) is strongly local in the sense that its value in the
neighborhood of w = w, = w, = w; are significantly larger than its values anywhere else in the region of
integration 0 <w, <%, 0 <w; <®, @, =w,+w; —w >0, then one can approximate 7(n) as follows.
Multiply (2.26) by an arbitrary function f(w) and integrate over (0,) in  to obtain

[$(0, 01,05, 03) nynyn; (0 + @) = 0y~ w3) (;11- b - — )fdwdwl dw,dw;.  (3.52)
. 2

Now write (3.52) as the sum of four quarters, and in the second, third and fourth make the interchanges
of variables @ © w,, W, © w3} © © Wy, ©; © W3 © © 3, ®, > w, respectively so that (3.52) becomes

1 1 1 1
%fS(w,wl,wz,t%) nn1n2n36(w+w,—w2—w3)(-’; + - - — )
X(f+fi—f,—f;)deodo,do,do;. (3.53)

Write w;=w(1+p)), j=1,2,3, and expand the two brackets (1/n)+(1/n1) (1/n,)—(1/n;) and
f+f f2 f; to second order in a Taylor series, approximate nn,n,n; by n* and use the homogeneity
of

S(w,w(1+p,),w(1+p;),w(1+p3) =’S(1,1+p,,1+p,,1+p;)

to find )

. 0
& [ dwotrme 2

Py Rlew. 2/5(11+P1’1+P2,1+P3)(1’1 —p3—p3)8(p,—p,—p3)dp,dp,dp;,

and integrating twice by parts, obtain

2
$of (pat s - 1 f(w) do,
where

2
So= 1—ng(1,1 +py,1+p,,1+p3) (P} -p3 —-p3) 8(p,—p,—p3)dp,dp,dp;. (3.54)

The region of integration in (3.54) is all p,, p,, p; and convergence relies on the fact that S(1,1 +p,,
1+p,,1—p,) decays sufficiently fast as p,, p;, p3 = . Because f(w) is arbitrary, we can equate
integrands and obtain '

2

w & #? 1
ETE + 2')’((1)) N(w) = T(n) = Soa—wi -w6+7n45;2 E (355)
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where N, =2(dk/dw) k% 'n,, where n, is written as function of @ through the dispersion relation
w =k and (2, is the solid angle of integration (i.e. 2,=2w if d =2, ;=47 if d =3).

While the differential approximation to the kinetic equation is quantitatively useful when S(1,1 + Pis
1 +p,,1+ p;) decays very rapidly to zero, it is also useful for qualitative understanding in general. We
can identify the function R(w) and the fluxes Q(w) and P(w) explicitly,

8 1 oR R
R(w)=SOw°+7n4a—wzz, Q(a))= 6—(;, P(w)=R-—wa—w-. (356)
The thermodynamic solutions are given by
R(w) = Spo** L g (3.57)
w ow Sl 7 .

whence 1/n=(1/T)(1 + ») and Q(w) = P(w) = 0. For the Kolmogorov spectra n = ceo >,
R(w,x,y) =c*Sgo ¥ x(x—1),
T(n) =cSyy(y — Dx(x - Do,
Q(w,x,y) =cS(1-y)x(x— Do?,

P(w,x,y) =cSgyx(x — D™, (3.58)

where y =3x—y—3 and the integral I(x, y)=S,y(y — Dx(x — 1). From (3.58), we see T(n) =0 at
x =0, 1 (thermodynamic equilibria), y = 0, 1 (pure Kolmogorov spectra) and

Q(w,x,,0) =c?Sgx,(x, - 1), P(w,x,,0)=0,

O(w,x,,1)=0, P(w,x,,1)=c38yx,(x,—1) (3.59)
are constants whose positivity requires x, and x, lie outside the interval [0, 1]. One can also see that

n=co '(lnw)’ (3.60)
with z = % is an approximate solution and that its flux P is negative. In another paper, we shall exploit
the differential approximation in considerable detail and discuss how its general stationary solution is
related to the work of Bellman [17).

3.6. The relaxation of solutions to their equilibria

The relaxation of solutions of (2.26)

%ﬂ +2y(w) N, = T(n) (3.61)

towards their equilibria can be captured by self-similar solutions of the equivalent forms ({2, the solid
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angle in d dimensions)

1 k 0, w?/21 ®
e dnlE). B )

We obtain our first relation between a and b by direct substitution of (3.62) into

1 1 1 1
T(n)= fS(w,wl,wz,wg,) nn1n2n3(; + rrr e ”_3) (wt+w ~—w,-w;)do,do,dw,
as given by (3.17). We obtain, using (3.18),
2a=1+(2B+2a—a)b. (3.63)

The next relation is obtained by considering the energy
E==ijgdw. (3.64)

The first case we consider is that of a constant production of energy so that E is proportional to ¢.
Balancing powers of ¢ in (3.64) gives

—a+db+ab=1, (3.65)
from which we find

_3d+28 3
¢=3a—2p’ °“3a-28"

(3.66)
How does this solution relate to the Kolmogorov spectrum? Recall that the Kolmogorov solution
n=co *=ck™*, (3.67)

with x =x, =1y + $= (2B + 3d)/3a, and corresponds to a constant energy flux in the right window of
transparency. Observe that the solution

n = ck~@B+3d)/3 (3.68)
exactly matches
1 k
n= ;;no(;;) (369)
if

i c( k )—Zﬁ+3d/3
0 P
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because a = 1(2B8 +3d)b and the dependence on ¢ disappears. Thus the solution (3.69) can be
interpreted as a front in wavenumber space which travels at speed

k ~ 3/Ga=28) (3.70)

and joins the Kolmogorov spectrum (3.68) which obtains behind the front to an almost zero state for
k > t® It is relevant in the situation when the energy calculated on the Kolmogorov spectrum

E= fwnkdk~ fk““‘”“mdk

is strongly divergent as k — «. Therefore a front is necessary in order to keep the energy finite for finite
time. The total number of particles, however,

N=[N,do-= ﬁfno(n)dn,

is constant if B =0 and decays if 2 —db =28 /(3a — 28) > 0. This shows in the three-dimensional NLS
that whereas the energy in the right transparency window increases with time, the number of particles
does not and is consistent with our picture of a particle drift to low wavenumbers.

If instead of pumping energy in at a constant rate, we simply put some in initially in the vicinity of
o =w, and then allow it decay, we find from the conservation of energy (3.64) in the window of
transparency that

—~a+db+ab=0 (3.71)
which together with (3.63) gives

a+d 1
a=m, b=m (372)
Now there is no Kolmogorov spectrum. There is only a decaying lump of energy density which travels to
k = c with a rate given by

ke~ tb. (3.73)

For three-dimensional optical turbulence, a = 2 and b= 1.

Just as we can consider the solution which corresponds to a constant production of energy and the
constant flux of energy density towards k = o, we can also consider the self-similar solutions which
correspond to a front moving towards k=0, driven by a constant production of particle number
N=[N,dw. If N ~¢, then the second relation between a and b is

—a+db=1 (3_74)
whence
_2B-a+3d , 3
a——&-—_T, b—m (375)
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We can see a front
1 k
n= t_"no(t_b) (3.76)

will join the Kolmogorov spectrum
n=ck % = ck—(2B+3d—a)/3

for k > ¢3/(*=2P) 10 a zero state for k < ¢*>/*~?) because a —ax,;b=0.

4. Fluctuations about the condensate

Let us consider the following question: what happens if energy and power is injected into the system
through an instability at w = w, and there is no damping at a small @? It is obvious that the permanent
particle flux, produced by the instability, will cause an accumulation of particles in the low-frequency
region. What is the “fate” of these particles? The answer depends on the structure of the Hamiltonian.
Suppose 8 > 1a and hence y > 0. Suppose also that the condition of locality is satisfied. In this case a
Kolmogorov spectrum (3.21) is established in the region w < w,. Written as function of %, it has the form

‘7‘1Q1/3
M= L@+2B-a/3° (4.1)

The total number of particles N = fn,dk diverges at k — 0. It means that the region of small
frequencies has an “infinite capacity” and can absorb an arbitrarily large number of particles. One can
check, by comparing linear and nonlinear terms in the Hamiltonian (2.19), that the region k — 0 is
“asymptotically linear” under these conditions. On the other hand, if 8 < 1a, the Kolmogorov spectrum
(4.1) can absorb only a finite number of particles. In this case, the self-consistency of the weak turbulent
theory is violated in the region of small wavenumber, and some strongly nonlinear effects are inevitable.
The simplest consequence is that a condensate —a coherent state with zero wavenumber —is generated.
For the NLS equation, the condensate is the trivial solution

V= 1[/‘0 cial‘l’0|2' (42)

and exists if the damping y(k) at k = 0 is zero. In the general case with Hamiltonian (1.11), the equation
for A, is

(3 + Y(R)) Al + 10+ [ Tty e, AL Ay Ay, (K + by — ey — ) dley Ak dky = 0. (43)
It, too, has a condensate solution
A (t) =A8(k) e ToAlr, (4.4)
The presence of a condensate changes the dispersive properties of the medium. Consider

A, = [A8(k) +a,] e~ iToA’, (4.5)
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Linearization of eq. (4.3) gives

(-;’—t +yk) +iUa, +iV,a*, =0. (4.6)

In (4.6),

U,=2T, - TJA* + 0, T,=T(0,k,0,k), V,=T(k,—k,0,0)A42
Assuming a,, a* , ~ e* one finds

(A + vk +iU) (A —y_, —iU*,) =V, [* =0. (4.7)
Its solution gives a renormalization of a dispersion law in the presence of a condensate. The condensate
is stable if Re A, > 0.

We will now focus on the NLS equation (1.3). Write ¥ =n'/?¢'® and find, on ignoring 7,
n,+2V-nV¢ =0, (4.8)
é,+(Vé)’ —an +n~'2An'/? = 0. (4.9)

Eqgs. (4.8), (4.9) are canonical,

on _dH 3¢  BH

S 2. (4.10)
where

H= [[n(V$)* + (¥n'?)* — Yan?] dr. (4.11)
Assuming n =n,+ dn, 8n < n,, ¢ =an,+ P, and setting dn, ¢ proportional to e'%'**r we find

P =k2K2+ k%, k2= —2an,. (4.12)

We see that the presence of condensate changes the dispersion law substantially. In the limit k <« k, and
k > k,, we find

143
nkzkk0+77(—0'+..., k <k, (413)
0, =k>+3k2+ ..., k> k,. (4.14)

Another effect of the condensate is that it changes the nature of the wave interaction. Expanding the
Hamiltonian in powers of n, we get

H=H,+H +H,+ ..., (4.15)
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where
H =[(n (Vo) + o (Von)® + l(Bn)z)dr (4.16)
0 0 4’10 2 > .
5
H, = f(Sn(V(b 2_ 4—:(2)(V8n)2)dr, (4.17)
H,= Iln—3jan2(v sn)’ dr. (4.18)
0

The Hamiltonian is now an infinite series, and the first non-quadratic term H, is cubic in the dependent
variables. Introducing

o, = (nok2/2,)*(a; +a*,),
i = 3i(Q2,/nok?) *(a, —a*), (4.19)

where 8n, and ¢, are the Fourier transforms of 8n and ¢ respectively, we diagonalize the quadratic
part of the Hamiltonian H, and obtain

Hy= [0.a.a dk. (4.20)
For H, we get

Hy = [Viauf @5ax,ai, + a,a%,a%,) 8(k —k, —k,) dk dk, dk,

+ %kaklkz(a’}jatlatz +aza,a,,) 8(k —k, —k,) dk dk, dk,, (4.21)
where
1/2 » 1/2 5 1/2

1 k20, 0., k20,0, k30,0,

= : | =—2| (kky)+|—=—==| (kk

kalkZ 4n})/2(2w)d/2 ( Qkk%kg (klkZ) ﬂklkzk% ( 2) kaka% ( 1)
k2k2k2 172
+(T27<727:ﬁ25) [(kik,) — k2] | (4.22)

We can compute Uy, ,, and the higher terms in the Hamiltonian but since we do not use them, we will
not write explicit expressions for them.
Again, we introduce the two-point correlation function

{apay)=n,(k—k'). (4.23)
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It is easy to find from (4.19) that

= — [5—n,dk. (4.24)

If the condition € < 1 is satisfied, it is reasonable to use the three-wave kinetic equation to describe the
weak turbulence in the presence of a condensate. We find

on,

TS +2'yknk=st(n,n), (425)

where
2
st(n,n) = 2~rrf|kalk2 I"8(k —ky —ky) 8(02, — 02y, — 2 ) (1 1y, — neny, —ngeny) dk, dk,
2
- 2’"/|Vk|kk2 | a(k] - k _kz) S(le —ﬂk —ka) (nklnkz + nknkl _nknkz) dkl dk2

2
- ZTrflezkkl | 5(k2 —k _kl) S(ka _Qk - .le) (nklnkz +nkﬂk2 —nknkl) dkl dkz.
(4.26)

We are only interested in the value of [V, kzlz on the resonant manifold,
ﬂk=ﬂkl+ﬂkz, k=k1+k2. (4.27)

In particular, we find that it depends only on the moduli of the wavevectors k, k,, k,. For a range of
wavenumbers in the vicinity of k,, the condition e < 1 is sufficient for the applicability of eq. (4.25). It is
interesting, however, to note the limiting cases k <<k, and &k > k,. If k <k, £, is almost a linear
function of k. In this case (the case of weak dispersion) the resonant conditions (4.27) are satisfied only
for almost parallel wavevectors. It allows us to simplify the expression for V, Kk, tO

3
W(ko/no)l/z(kklkz)‘/z. (4.28)

ka,k2 =
In the opposite case k > k,, the resonance conditions (4.27) are satisfied for almost orthogonal vectors
k,, k,, so (k,-k,) = 3k As a result, the leading term in (4.22) cancels and, after some calculation, we
obtain

v k2 ny/?
= = . 4.29
k. kiky 2%/2(2“)4/2 (2,"):1/2 ( )

In both cases, Vi, ,, is homogeneous and we can apply the theory of Kolmogorov spectra for the
three-wave resonance weak turbulence described by eq. (4.25).
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After averaging on angles in (4.25), we obtain

aN
= T 2Y.N,=T(n), (4.30)

T(n)=LS(w wl’wZ)(nm, w3 nu)nw|—~nw wz)a(w w, — wZ)dwlde

wtw;

+f S(wy, w,w;)(n,n,,+n,n, —n,n,)d(w, -—0~-0,)do,do,
Az

+f S(wy, w,0,) (n,n,,+n,n,, —n,n,)dw,-0~0)do do,. (4.31)
4,

The regions of integration Ay, A, and A, are as follows. A, is all that region in the w,, w, plane where
0<w, <x, 0 <w, <o where w, + w, =w, which is simply the line w,=w —w, from w,=0to w, = 1.
As an integral in w, it should be thought of as a directed integral in the direction that dw, is a positive
increment because dw, means the length of the incremental interval. A, is the line w, =w, — w which
joins @, =w to w, = and A, is the line segment w, = w + @, from w, =0 to w, = . The coefficient
S(w, w,, w,) is given by

dk dk, dk
S(w, 0, 0;) =27 Vi, [ 8(k —ky — ko)) (kk ko) ™' g gt 52 (4.32)

do dw, dw,

and N, is defined as before. In averaging we took into account that, due to resonance conditions (4.27),
the function V, . depends only on the moduli of k, k, and k,. The value of {(8(k — k, — k,)) depends
on dimension d. For d = 2, we have (see appendix A):

5(k—k,—k,)) = . 4.33
(8K = ky = ka) = (433)
Here 4;,, ks is an area of a triangle with sides k, k, k,,

Apre, = $V2KEKE + 2k2k2 + 2k%k2 — k* — ki — k3 . (4.34)

In the weak dispersion case, k < k, the vectors k, k, and k, are almost parallel, and T P 0 as
k/k,— 0. To leading order,

Bic kyiy = (V3 /2K ke ks,
and

S(w, 0, ;) = (3V3 /16T ow,w,. (4.35)
In the opposite case k > kg, A = 3k, k, and

S(w, 0y, w,) = 3ng(w,0,) "7 (4.36)
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We now look at several classes of solutions, (i) thermodynamic equilibria, (ii) Kolmogorov spectra and
(iii) time-dependent, self-similar relaxation to equilibrium states.

(i) Thermodynamic equilibria

The theory of weak turbulence is simpler for three-wave interactions than for four-wave case because
the equation

st(n,n) =0 (4.37)
has only a one-parameter thermodynamic solution,
n,=T/w,. (4.38)

(ii) Kolmogorov spectra

Eq. (4.25) has only one integral of motion E = fw,n, dk. It can have, therefore, only one Kolmogorov
spectrum. Suppose that w = k® is a power function and Vik k, 18 @ homogeneous function of degree S
invariant with respect to rotations. Then

Vek,ekl,skz =€BVk,k1,k2' | (4.39)

The function S(w, w,, w,) is also homogeneous,

S(ew,ew,, e0,) =e"S(w,w,,w,), ' , (4.40)
where, from (4.32),

vy=2(B+d)/a—3-38, (4.41)

where § is the extra contribution coming from the fact that 4, ,, may be zero as in the weak dispersion
case when the three vectors k, k,, and k, are almost parallel. In that case & =31. For the strong
dispersion case 8 = 0. '

We now proceed to find the pure Kolmogorov solution in a manner similar to that used in section 3.
Assuming that n,, = w ™%, we make the change of variables,

w; = 0,/0), 0,=oc,/w (4.42)
for the second integral in (4.31) which maps 4, onto 4, and the change of variables

0, = 0w /o), w,=e’/v, (4.43)
for the third integral in (4.31) which maps 4, onto 4,. As a result, we obtain

od|

T(n) = [Als(“”“’l’“’z) (wwxwz)—x(wx -y ‘w’z‘)[l - (——-)y - (

Wy

w w

)y] 8w~ o, —w,)dw, dw,,
| (4.44)

where y =2x — y — 2. The expression (4.44) is zero if either x = 1 (thermodynamic spectrum) or y = 1
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(Kolmogorov spectrum). The second solution,

x,=(B+d)/a=3(y+3), (4.45)
is a Kolmogorov spectrum. In terms of wavenumber it has the form

aP'/?

n, = k—B":i— (4.46)

Here P is the flux of energy, defined by the relation
P= —f wT(n)dw, (4.47)
0
and a is a constant given by

;15 = 2[()‘/2%%;)—@[1 —gn— (1-£)") [g log(—;:) +(1- §)log(1—1—§)] de. (4.48)

The Kolmogorov spectrum will only exist if a?> 0 or if x,> 1. The turbulence is local if the integral
(4.44) converges.

Let us consider the case of turbulence on the NLS equation with a condensate. In the limiting case
k < k,, we have from (4.2) y = 3. Hence x, = 3, and so

aPl/Z
k3

n, = (4.49)

In the opposite limiting case k > kg, eq. (4.26) has no power Kolmogorpv solution because in this case
from (4.36), v = —1, x, =1 which means a? = ». What this means is that the Kolmogorov solution has
now the ‘more complicated form, analogous to the corrections found in section 3,

P1/2
m~ S f(log k), (4.50)

where f(log k) changes slowly with k. However, we wish to make one further point. Considering the
integral for total energy

E= fwknkdk = aPI/Zfl/(kﬁ-a+d) dk, (4.51)

we observe two different possibilities. (1) The integral (4.51) converges at k — . This occurs if B> a. In
this case the region of large k has a “finite capacity”, and a weak turbulence is qualitatively similar to a
turbulence in an incompressible fluid. (2) The integral (4.51) diverges at k — . This situation takes place
if @ > B and in particular for the special case (4.49). Now the region k — « can contain an arbitrary
quantity of energy. This situation has no direct analogies in the theory of hydrodynamic turbulence and
is, in some sense, simpler. As in section 3, the nonstationary behavior consisting of a front in whose wake
lies the Kolmogorov spectrum can be found as follows.
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(iii) Relaxation to equilibrium states
Eq. (4.25) at 4 = 0 has a family of self-similar solutions:

1 k
n= t—aﬂo(t—b). (452)
Here the indices a and b are connected by one relation found by comparing the two sides of eq. (4.25),

a=1+2B—a+d)b. (4.53)

To find an additional relation between a and b, we must specify the time dependence of the total energy.
First, suppose that we have a constant source of energy at small k. Then, the energy grows linearly in
time. Consequently,

a+1=(a+d)b (4.54)
and, therefore,

p— 1 a=B+d

a=B' ‘T a-p

(4.55)

The solution (4.52) has the asymptotic behavior n — k'/#*% the weak turbulence Kolmogorov spectrum
(4.51) in the limit k/[1/(e—B)]— 0 and therefore the advancing front in k space leaves the Kol-
mogorov spectrum (4.51) in its wake. If B — a, the speed of this front tends to infinity, and when B >0,
the energy leaks “through infinity” in a finite time. In this case, the energy is only a “formal” integral of
eq. (4.25). '

We now look for a second self-similar solution valid in the absence of energy sources. For « > B, this
solution conserves energy. Instead of (4.54), we get

a=(a+d)b (4.56)
so that
p= 1 g _2td
2(a-B)’ 2(a=B)"

The maximum of the wave spectrum goes to infinity like k ~¢!/%X=B) The total number of particles
N = [n, dk tends to zero according to the law

N ~-a/UHa=p) . (4.57)
In the particular case of NLS equation, in the limit & > ko, we have a =2, B =0 and
1 k
n(k,t) = ?no(;m) (458)

This solution describes how the wave field relaxes to a thermodynamic equilibrium consisting of the pure
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condensate n = ny8(k). For this solution N=n, and E =0. The total number of particles in (4.58)
tends to zero as ¢ — « like N ~¢~1/2 It means that all the particles at ¢ = o will be concentrated in the
condensate, all the energy will go to infinity in wavenumber space, and the energy density in any finite
domain tends to zero. These results were also obtained by Pomeau [18].

In the case of a positive nonlinearity « = 1, the dispersion relation (4.12) is

wp = +(—k2k2+ k%), (4.59)

Perturbations with wavenumbers k2 < k2 are unstable and grow exponentially. As was mentioned in
section 1, the formation of collapses is the result of this instability. It is important to stress that this
instability is a very strong effect. It is incorrect to think that it just moderately changes the theory of a
condensate. As will be shown in our numerical experiment (see section 6), the modulation instability
demolishes the condensate so effectively that the resulting wave spectrum has no growth in the vicinity of
k = 0. The resulting strongly nonlinear behavior in the unstable case is the occurrence of collapse events.
In section 5 we study a collapsing filament and derive a formula for the number of particles lost per
event,

5. Theory of the individual collapse event

We consider
b, — iV —ilg|Y 9 = —ely!* T 4y — [y(k) bk, t)e**dk, (5.1)

with €, s > 0 and y(k) = k2h(k /k ), where h is a cutoff function which makes a smooth transition from
zero to a constant value as k increases through k,. Our aim is to determine the influence of damping on
the collapsing solution. The effect is not small because the number of particles f l¢s|*dr contained in a
collapsing filament is precisely the minimum number of particles required to sustain the collapse towards
its singular state. Therefore any damping causes some loss of power and arrests the collapse. We will
show that in the limit of small nonlinear damping, i.e. 0 <e <« 1 and large k4> 1 that the number of
particles AN = [Z dt (i)lq(;l2 /9t)dr lost in a collapse event is given by a calcuable quantity whose ¢ and
k4 dependence is given by

AN~(nlne ))"> or (Inlnk,) ™" (5.2)

This result strictly means that in the limits € = 0 and k4 — » no particles are lost but in practice for
large ranges of € and kg4, (Inlne~")~2 and (Inin k4)~! are so slowly varying as to be almost constant.
The reason for this strange loss law is the anomalous behavior of the collapsing filament in the zero
viscosity limit. Near the point r =0, ¢ = ¢, of collapse,

= ﬁ"(ﬁﬁ) (53)
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where
£(2) ~ (to—1)"[Inin(te—1) 7], (5.4)
as t — t,. We shall now derive (5.2) in several stages.
5.1. Preliminaries
The equation
iy, + Ay + p|* %y =0, (5.5)

where d is dimension, has two main integrals of motion, number of particles

N= [lyl*dr, (56)
and energy
H= (W= 55014+ ar. (57)

The last one is the Hamiltonian for eq. (5.5), which can be rewritten in the form

Y
iy, = -SB-F (5.8)

Eq. (5.5) admits a set of special solutions of a form

¥ = A/9R(Ar) e, ‘ (5.9)
Here A > 0 is a parameter, R(n) is a real function, obeying the equation

AR-R+R¥4*1 =0, (5.10)

Regular and localized, i.e. R — 0, at |n| — =, solutions of (5.10) are solitons. In the one-dimensional case,
the equation

R,,—R+R°=0 (5.11)
has a unique (up to a shift of x) solution,

3l/4

=—. 5.12
(costh)V2 (5.12)

If d > 1, eq. (5.10) has an infinite set of solutions. The simplest one, R,(n), has the maximal symmetry
and has no zeros. The parameter A is a characteristic inverse width of a soliton. Substituting (5.9) into
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(5.6) we can find that N does not depend on A for any soliton solution. It depends only on the type of
soliton and it is minimal for the simplest soliton R (n). The corresponding value of N, is the so-called

critical particle number depending only on the dimension d. It is also easy to show that for any soliton
solution,

H=0. (5.13)
Let us introduce the self-adjoint linear operator
4 4/d
Ly=A¢y—y+ Z+1R ¥. (5.14)

Substituting (5.9) into (5.5), differentiating by A and putting A = 1, we get

LR, =2R,. (5.15)
Here
? 2 1 3
Ry=x A Ro(Ar)|, _, = 7 771 5"/ *Ro- (5.16)

Define, for two real functions, the scalar product
(A|B) = [4Bdr. (5.17)

It follows that

(RylR,> =0. (5.18)
It is simply another form of the identity 3N /dA = 0. Let two localized functions be connected by

LX=Y. (5.19)
Multiplying (5.19) by R, and using (5.15) we find

(RolX) = 3(R/|Y). (5.20)

The Hamiltonian integral (5.7) is not in general positive definite. It is positive only for field of small
enough amplitude. It is very easy to prove that H > 0 if N <N,.

5.2. The lens transformation

Eq. (5.5) has global solutions to the Cauchy initial value problem if N <N,. If N> N,, a singularity,
local in both space and time is formed. We will assume that this singularity (collapse) takes place at r =0
and at ¢ = t,,. In formulating a theory of collapse, we will take advantage of the fact that neither N nor H
depend on the size. of the soliton (1,/4). This fact leads us to the conjecture that the leading term in the
asymptotic behavior of the solutions as ¢ — ¢, in the vicinity of collapse is a compressing simple soliton, a
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conjecture confirmed by numerical experiments [16-18]. We therefore introduce the change of variables
called the lens transformation,

Y=g (&, m)e", E=gr. (5.21)

Here g is an as yet unknown function of ¢, while 7 is a new time variable defined by

dr/dt=g?, (5.22)
so that
7= [g?dr. (5.23)

As t - t,, g will tend to infinity so fast that the integral (5.23) is divergent and therefore the collapse
occurs at 7= c, To avoid any ambiguity we will assume

Im ¢(0,7) =0. (5.24)

The function ¢(¢, 7) obeys the equation

i, +Ad — b + || % +ia(r)(3dd + £4,) =0, (5.25)
where
a=g,/8=8,/8. (5.26)

Next we assume the collapse is symmetric so that A¢ =, +[(d — 1)/£]l¢,. Now introduce a new
change of variables,

¢ = x exp(— 3ia&?) (5.27)

and we obtain

ix, +Ax —x +xI¥% + B(r) £x =0, (5.28)
where
_ 1,2 18- _ 1 (1
B=zi(a’+a)=3 < 4g(g)”' (5.29)

If B is constant, we can put y, =0 and get a self-similar solution x(¢) of eq. (5.5) satisfying

Ax —x +IxI*x + BE>x = 0. (5.30)

For B <0, eq. (5.30) has a localized solution. From (5.29), we see that g(¢) is bounded and so we have no
collapse in this case. For 8 >0, g~ e2VB™ as 1w, so g(t) = c/(t —ty)"/2. But eq. (5.30) has no
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localized solution. The special case 8 =0 is a particularly interesting one. In this case g =c/(t —¢,),
a=p/(t —1t,), and we have a collapse. But it is a very peculiar type of collapse because it is unstable
with respect to small perturbations. It is important to note in this case, eq. (5.30) for y coincides (up to
trivial transformation) with the initial equation (5.5). It means that the transformation from  to y (for
B =0) is an intrinsic symmetry of the nonlinear Schrédinger-equation (5.5). This transformation exists
only in the critical case s = 4/d and is called the lens transformation in the literature.

5.3. The structure of the collapse

We conclude therefore that the collapse is almost, but not quite, self-similar. It is “quasi-self-similar”.
Both a and B are slowly varying functions of 7, so that

al>a, (5.31)

and the term y, in (5.28) is very small. We will assume also that for small 8(r) which occurs as 7 — o,
the solution of the equation has series form

X=Xotx +.... (5.32)
A difficulty is that it is impossible to use for the zeroth-order term x,, the naive stationary equation

(5.25), because any solution of this equation, satisfying the condition (5.24), is a real function with the
following asymptotic behavior at £ — o,

X - # cos(za? +c),

where we have assumed that 8 = %az. Thus, ¢ has in its asymptotic expansion a fast-oscillating term
1/¢9/%c* e~€"2/2 obviously having no physical sense because we expect only outgoing waves to emanate
from £ = 0. To avoid the difficulty we assume that y, satisfies the equation

AXO_XO+|X0|4/dX0+B§2XO-iU(B)X0=O (5.33)

with an additional term —iv(B)x,, added to its left-hand side, where v(B) is chosen so that the
asymptotic behavior of x, at £ — 0 contains only one exponent,

x = A(£) exp(iag?), (5.34)
and A(£) is some real function. At ¢ =0, we have the natural boundary condition

Xele=0=0. (5.35)
Eq. (5.28) can be rewritten as a Schrédinger equation,

—Ax +Ux=Exy, (5.36)
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Fig. 2. The effective potential U(¢) for eq. (5.31b).
with an effective potential

U= -IxI"!—pg? (5.37)
and eigenvalue

E=-1-iv(B).

The boundary problem (5.36), (5.37) is nonself-ajoint and the eigenvalue has an imaginary part. Similar
types of nonself-ajoint problems for linear equations are common in nuclear physics. They were
introduced first by Gamov in 1936 in connection with the theory of a-decay. The only difference is that in
the linear case both (real and imaginary) parts of the eigenvalue are unknown, while in the nonlinear
case, the real part of the eigenvalue can be chosen in an arbitrary way. The potential U is plotted in fig.
2. If B is not too small, v(B) can be computed numerically. But, as 8 — 0, we can use the WKB
approach. In this case for £ > 1,

X = fTCm exp(—f:[l +U(8)]"? dg)

and
v(B) =cexp(—2f;2[1 + U(f)]‘/2d§), (538)

where ¢ is of order 1. Now from the graph of v(B) in fig. 2, 1 + U(£) is zero at £ =¢£,,£,. At B — 0 we
can write with exponential accuracy, U= —B¢2, £, =0, £,=1/ ‘/E . Then

v(B) =e2/eB" a _B§2)1/2 dé = exp(—m/2B"?) = exp(~/a). (5.39)

In (5.39) we omitted an unknown pre-exponent factor. One can see that as far as B(7) tends to zero, v(B)
tends to very fast and this justifies including the term —v Xo in the zeroth-order equation.
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5.4. The slow time dependence of B(1)
The equation for the first correction y, has the form

2 2 _ . [
Axy—x + (;1- + 1)|X0|2/dX1 + Zxol™ Txdxt + BEX — iv(B)x, = —i a%’ﬁn‘v(ﬁ)xo).
(5.40)

It is sufficient to study this equation in the region where ¢ is order 1, where it can be simplified. In this
region one can neglect small terms B¢%y, and vy, and consider x, as a real function. As a result
X, = —Iip is a pure imaginary function satisfying the equation

oy
Ap—p+x¥/ip= a_BOBT'*'U(ﬂ)Xo' (5.41)

Without loss of accuracy, we can put x, = R,. After multiplying (5.41) by R, and integrating one gets the
solvability condition

B Rold,,/38) = —v(B) (R}). (5.42)
Now, for 3y,/3B8 we have the equation
Lox,/3B = —¢°R,, (5.43)

where the operator L is defined in (5.14). Eq. (5.43) belongs to the class (5.19), and we can use (5.20) to
obtain

(Roloxo/3B) = — $C£2RgIR)) = (1/d ) £*|R3). (5.44)

We obtain finally

B _ _ d{R})

a—T-+al)(B)—0, a—m, (4.45)
or to within our limits of accuracy,

0 a

Ki’ = —Eexp(—'n'/a). (5.46)

The function «(r) has sophisticated asymptotics 7 — . It turns out that the first term of its asymptotic
behavior does not depend on pre-exponent factor in v(B). Actually as T — o,

1
m....

e (5.47)
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Note a, < a? in agreement with our previous assumptions. From (5.26), we find
- 1 ds
g=soew|z [ 15 )
dt T 48
g =8, exXp l/ﬂ/m ~goexp(m). (5.48)
As 7o o,

InT~Inlng+....

Now, from (5.22),

to—t=[wd'rg'2= 37g % In(ln g), (5.49)
so that
2 1
2 . .
gc= '1T(t0—t) ln[ln( to_t)]. (550)

Eq. (5.50) was independently derived by Fraiman [19] and by Papanicolau, Sulem, Sulem, Landman and
LeMesurier [20, 21]. This was truly an impressive result, which had defied resolution for more than
seventeen years. Numerical experiments give a satisfactory confirmation of the behavior (5.50).

So we have shown that structure of collapse in the region ¢ ~ 1 is close to a compressing soliton. This
region is the most inner zone of the collapse domain. The next zone occurs for 1> ¢> 1/8 and is
described by WKB formula (5.38). In the next region,

> g (1) >, (551)

VB

and the WKB approach could be used again. The result should be formulated more conveniently for the
function ¢, where

¢ ~v\/2gd/2+e/azisa, (5.52)

The formula (5.52) is correct up to some £,,,(7) that is still unknown. We would conjecture that in the
outer region

Emax <€<8
the collapse will create some kind of integrable singularity.

3.5. The dependence of the number of particles absorbed per collapse on damping

The central question of interest to us here is the amount of power absorbed in cdllapsing event. Let us
first work this out in the case of the nonlinear dissipation. We have seen that the equation determining
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the evolution of B8 =g, _/4g is (5.45). We now ask how this equation is modified with the inclusion of
nonlinear damping. The easiest way to derive this is to use the exact conservation law

a%fl.p|2dr= —2¢ [lyl* V42 dr. (5.53)

Now, assuming that the collapse has attained its self-similar shape before the damping sets in and
thereby replacing ¢(x, ¢t) by (5.21) and (5.27) with xo(B) as x,(0) + B3x,/3B where x,(0) = R,, we find

9 [~ oy _ s = s _
_atfo (R(2,+2BR0—aB°)§d ldg= —2eg? +2f0 R/ d+2gd=1 g, (5.54)
But
o g @ 1 p»
fRogg¢* ™ d= 3 [ RoRig?*!dg= g [ Re**! de

and defining

f(c)oRg(l +s)/d+2§d—1 df

b= , 5.55
GR3ET dg (5.5)

we obtain, using g~23/9t = 3/dr, and adding the combination for v(g),

a s 1 g‘r‘r

% () +ebg=0, p=75=. (5.56)
The total loss of particle number per collapse is given by

AN= [ radt, (5.57)
where the dissipation rate

0 s R
r=- 57j|¢//|2 dr= 25[](//|4(1+ Vd+2 4y = cebg?t?, (5.58)

where ¢ = (ZQO/d)j:R(Z,gd“ d¢, with Q,=1 if d=1, Qy=2mw if d=2, and Q,=4w if d=3.
Therefore

AN=c| ebg®dr, (5.59)

where g is obtained by solving (5.56). Now, recall that the relation between ¢ and T is given by (5.22).
Observe that if g = [2B8}/*(t,— £)'/?]7!, that in terms of 7,

exp(2By/°1) 1
=80 174 1/4 y 807 2t(l)/2’ (560)
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if we choose to have ¢ = 0 correspond to 7 = 0. To calculate the dissipation AN, we must calculate g(7)
from (5.56). However, no significant dissipation occurs until a time 7, when eg?* becomes of equal size
to the other terms in (5.56). Up to that time, the balance in (5.56) involves the first two terms only and
this solution we have already discussed. A very important feature is that after a long time, the rate of
change of B and « is very small. Indeed for (5.47),

g 1
a=?~m—7. (561)

Therefore, if we wait until the time 7, when eg?* is of order B, the subsequent rates of change of a and
B occur on the time scale given by

p=mwlnr,. (5.62)
Let

T=T0+tuo. (5-63)
Then, set

B=(1/u*)B, a=(1/n)A4 (5.64)
and find

%Ba' + aexp(— E’;_I;‘_/_z) +ul2egls efoJO/”;:ZSBI/Z do _ 0, (5.65)
and

To/M+o 1/2
AN=[.L3/2 f EgZJ efo (4SB do’ ) do

i 572 (5.66)

Now, until exp(fj°4sB'/>dr) is sufficiently large to balance (1/u*)B, and aexp(mu/2B'/?), no
significant dissipation occurs. Therefore we choose B(r) and B(o) to solve ‘

B.+av(B) =0, 0<7<my, (5.67)

and then choose 1, such that

eexp([ 4S\/_dt)=—1§ ‘ (5.68)

in which case (we can now start calculating dissipation from o = 0)

1 gl
AN—EC B’/2

exp(foa4sB‘/2do-’) do
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and
w 5
B, + pla exp(—m) +bg* =0, (5.69)
where
8,0~ 4Bg=0 (5.70)

and g behaves as g, exp(/f4sB'/?da)/B'/* near o = 0. We can verify numerically that B never goes
through zero but tends asymptotically to a new constant which is almost independent of u and e since
wlexp(—wp/2B'/%) - 0 as u — . From (5.68), we obtain to leading order that

1 _

TO=W1n€ T+ (5.71)
and therefore

1 1

—_ ... 5.72

& mlnlne! ’ (5.72)
and

AN~ L ~ ————1——— (5.73)

¥ a¥(inlne ')’

Observe that if the term v(B), which causes the Inln behavior, is absent, then there is no need to
introduce the time scale as we did in (5.62) and u is arbitrary and independent of €. In that case, AN is
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Fig. 3. Percentage of burned out energy AN(ky)/N, in 1D Fig. 4. Inverse amount of burned out energy 1/AN(ky) in
single collapse event for damping vy, = 3k 2h(k /k 4). 1D single collapse event as a function of log(log ky) for

damping vy, = 1k?h(k/ky).
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e independent but of course, as we have emphasized, it is the presence of v(B) that allows the localized
solutions exist in the first place.

Similar arguments give us the parallel result that in the case where we choose the damping to be linear
and concentrated wavenumbers k > kg,

1

Tnink, (5.74)

AN~

This result is directly confirmed by numerical experiment (see figs. 3 and 4).

6. Numerical.integration scheme

We now describe the procedure used to simulate the solution of the NLS equation (6.1) in the
presence of linear amplification and damping, nonlinear damping (due to muliphoton absorption) and
parametric forcing. The results we report in this paper do not include the last two. The equation is

¥, + V20 + a| VYW + W + i BIW)" W = AW* e 3N, (6.1)

The two most important considerations when choosing an integration algorithm are that, in the absence
of external forces, the constants of motion N, H and P are conserved and that we obtain a reliable
description of the collapsing cavity when it is in its self-similar regime and its width is very small. The last
point is very important because it is in the small scales where dissipation takes place that the greatest
errors can occur. The source of these errors is aliasing. Power is transferred to higher harmonics through
the cubic nonlinearity and thus mistakenly deposited in lower harmonics due to the inability of the grid
to distinguish between the wavenumbers above and below 3k, , where k, is equal to the number of
points used to resolve either of the spatial directions x and y. We take —w <x <mw, —w <y <w and
stepsize A so that k, =w/A and we usually took this to be 128. To overcome the aliasing error, we
divide our wavenumber grid into two regimes: R, — 3k, <k, k, < 3k, and R, |k | > 3k, [k, |> 3k,
At each time step ¢, we calculate ¥(k, t) and ¥(r,t) and then |¥)*¥ in real space and then its value
(¥)*¥) in wavenumber space on R UR,. The region R contains the true harmonics and the region R,
the aliasing harmonics. In calculating the updated value of ¥(k, t), we exclude the region R,. Of course,
ignoring three-quarters of the information on the grid reduces accuracy but it is necessary. Otherwise, we
overestimate the amount of power lost in each collapse event.
The algorithm we use for the pure NLS equation (¥ =8 =4 =0) is

‘1I,jn+l_q,.n q,.n+1+q,jn IlI,jn+1|2+|11,jn'2 1I,jn+1+1pjn

J 27
i~—L+v — +a 5 —— =0, (6.2)

where 7 is the time step, the index j = (j,j,) refers to the grid point x =j, 4, y =j 4, —k_ <j,j, <kq,
and the index n refers to the time step. V2" means the inverse Fourier transform of —k*¥, where
k(k,,k,) is the index denoting points on the grid in wavevector space. It is easy to show that

N=8Flyr+' =L’ (6.3)
J

J
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and

H=4m2 k20 - a2 Y 191 = dm Y k2017 — Jad? T 19, (6.4)
k j k j

J J

To prove (6.3), multiply (6.2) by (11'1."+1 + ¥")* and subtract from the expression obtained its complex
conjugate. To prove (6.4), muitiply (6.2) by (¥"*! — ¥™)* and add to this expression its complex
conjugAate. Thg linear damping and amplification terms iy - ¥ are written in wavevector space as
iy 3(FPH + W) where v, =y, + Y, + ¥4 Where vy,,7v, are damping terms and vy, is an amplification.
Formulas are given in the next sections by egs. (7.4)—(7.6). The nonlinear damping term which represents
multiphoton absorption in the optical context is written as

IB lq,jn+l|2m+2_|1pjn|2m+2 q,jn+l+1pjn
m+1 |1I,jn+1|2_|11,jn|2 2

and the parametric forcing term is written as 34(¥*"*' + ¥*"). One finds (for m = 2)

NLI,_E +3AN Y Re(¥/ !+ 9 ) Im(¥+! + )
J

+%BA22 (lq,jn+1‘4 + llpjn+1|2|.lpjn|2 + |1Pjn|4)|11,jn+1 + q,jan

]

+2m2 Yy |t + $r)P =0, (6.5)
k

and a similar but much more complicated expression for H"*! — H". In the limits of small A4, 8 and 7,
both quantities are conserved.
We solve the nonlinear implicit algorithm for qu"+1 iteratively as

.q’"+l’s+l — Ly Prtls+l 4 ogn N |IP"+1’5|2+|1II"|2 grntls L oapn
! T 2 @ 2 2

+D(1I,n+1,s,q,n) = 0
(6.6)

for s=0,1,...,0 where o is that value of s for which |[N"*"*! — N"*15| is first less than 10" ’N". We
call #"+1.0=yn gnd w7+he = ¢n+1 The quantity D in (6.6) stands for all the damping, amplification
and parametric forcing terms. Notice that both D and the nonlinear term a|¥|*¥ are evaluated at the
previous iterate. To solve (6.6) we proceed as follows. Start with 117,1’ and ¥"* 1 with k belonging to R.
Find ¥;" and ‘I’j"“’o and compute D and the nonlinear terms. Take their Fourier transform. Because of
nonlinearity, there will be nonzero contributions for k& belonging to R,. Ignore them and solve the linear
equation (6.6) for ¥/ *!'! for k belonging to R only. Repeat a until s =c¢. We now have ¥7+! and
1I,jn + l.

Convergence of the iterative procedure requires an upper bound on the time step 7. For the moment,
ignore D and subtract (6.6) from (6.2) and expand the nonlinear term near ¥". We obtain

(%+V2)(lpn+l_lpn+l,s+l)+2|1I,n|2(q,n+l_q,n+l,s)+1pn2(q,n+1_q,n+l,s)*=0,
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from which we can show that the L, norm of (¢"*! — ¥n+1Ls*1) gbeys
”q’,n+l — q,n+l,s+1” < %maxllp”lzf!l'lf”“ _ 1[,n+1,s”'

Convergence requires

2
< m =Tc. (6.7)

When the extra terms are added, this criterion must be slightly modified; for example, the inclusion of
parametric forcing requires us to add | A| to the denominator of 7,. We chose 7= 1r and found that it
takes about six to eight iterations to converge to the chosen accuracy. Observe that near a collapse, 7,
becomes very small indeed. '

7. Discussion of results

We now present the results of numerical simulations in the two-dimensional case. As we have pointed
out already, this case is difficult because none of the simpler kinds of stationary solutions obtain and in
particular we cannot obtain a pure Kolmogorov spectrum in either the left or right transparency window.
On the left, the sign of the flux Q is negative for the pure Kolmogorov spectrum (3.21) because y = — 1
lies in the interval for which — %I ‘(x,) in (3.23) is negative. To remedy this problem, we then introduced
the finite temperature Kolmogorov solution (3.39) and ¢(w) given by (3.46), so that

n= T 5. (7.1)
p+w+aQT *w?[In(w/w.)]

We emphasize that this solution cannot hold everywhere on the frequency axis 0 < w < o because the
correction is not everywhere small. Nevertheless, as we show in figs. 5, 6, and 7, it does seem to hold very
well in the left transparency window w, < w < w,, where the correction is small with respect to the
thermodynamic background.

Such a solution is not unreasonable. Recall that the reason for the failure of the thermodynamic
equilibrium solution is that it does not allow the energy to tend to zero, as it must because of finite
damping, as @ — . However, the left transparency window is shielded from the energy sink by the
source of new particles and energy at o =w,. However, we cannot expect a pure thermodynamic
equilibrium because of the necessity for a finite flux of particles towards w = 0. Hence the compromise
solution (7.1). We find that (7.1) fits the data very well for both the focusing and defocusing values of «
when u =400, T =10, and aQ = 0.25 and w_= 1 over the broad frequency range 60 < w < 4100.

In our simulations, the amplification and damping components of the coefficient y(k)= yo(k) +
v4(k) + yo(k) were given by

~ 5[(k2-602)(622 - k2)]'?, 60 <k <62,
=0, 0<k<60, k> 62, (7.2)
ya(k) = 0.5k2h(k k), (7.3)

Yo(k)
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Fig. 5. Time averaged stationary spec- Fig. 6. The same as in fig. 5, but for Fig. 7. The same as in fig. 5, but for
trum |l[lk|2 for run A (e¢= —1 with run B (@ = +1 with strong damping at run C (e = +1 with no damping at
strong damping at k =0) and theoreti- k=0). k=0).

cal prediction for 2D spectrum (7.1)
with T= 10, p =400, 0, =1, aQ = 0.25.

where

1

x5

eS-a/:M -y <

2

SN\ =

h(x) =
1= SV x>,
and

yo(k) =20(2k —1)°, k<6,
=0, k> 6. (7.4)

The motivation for these choices was as follows: 'yp(k) is the linear growth rate of the parametric
instability for spin waves in ferromagnetics, y,(k) models the linear Landau damping in plasmas, and
vo(k) is chosen to control the growth of the condensate at k = 0. The study was carried out in the case of
weak instability, i.e. y,/k§ ~ 1073, i

All simulations were initialized by a field ¥,(0) of small random noise. In figs. 5, 6, 7, we show the left
transparency window 60 < w < 4100, for three cases, a = ~1, @ = +1 with strong damping at the origin
and a = +1 with no damping at the origin, with the spectrum (7.1) superposed. These graphs were
obtained by averaging the calculated data ¥, for a fixed value of k = |k first over angle by taking ¥, at
k; = klcos znmw,sin znw), n=0,...,7 and then over a time interval approximately ten times the period of
the lowest undamped mode k = 6. Observe that all spectra are approximately the same and fit the
theoretical curve (7.1) very well. What is evident is that the presence of intermittency and collapses does
not affect the weak turbulence spectrum in any substantial way. Nevertheless their presence is seen
vividly when we examine the particle number dissipation

L) = [yl ¥l dk (7.5)

for the same three cases a = —1 (defocusing), & = +1 (y, present), @ = +1 (y, = 0) (see figs. 8, 9 and



S. Dyachenko et al. / Optical turbulence 147

Dissipation rate . Dissipation rate Dissipation rate
800 T T T T T T T T T 200 T T —T—T T T 7T 4000L1|v||||||r7—r

6001 2000 . .

400 | 1800 3000} |
200} \U kMJ W' 1400} ] - 1

oF 1000 i 2000(-

200t W 600 | B 1
-4001- 200r W 1000+ J) |
~600| -2001 M -

800 4 600 . of u
-1000 L~ [ - -1 00%7 I 5; 1 310 | 3 500l Lt 1 L1

50 51 52 53 54 55 56 28 396 402 408 414 420
Time Time Time

Fig. 8. I'(t) = [y, /> dk in the sta- Fig. 9. The same as in fig. 8, but for
tionary state for run A. run B.

Fig. 10. The same as in fig. 8, but
for run C. Note the difference in
scale from fig. 8.

10). Because we include contributions from all k£ values including the neighborhood of k = k, where v,
is negative, I'(t) takes on positive and negative values. In the last case, because of no damping at k& =0,
the unstable condensate tries but is unable to form due to the modulational instjmbility and a sequence of
collapsing filaments occur at random points in space and time. Although they darry little energy to high
wavenumbers (the value of H for a collapsing filament is approximately zero; see section 5), they do
carry particle number and deposit it as shown in fig. 10. Notice the difference in'scales from figs. 8 and 9.
The dissipation rate measures the flux of particles towards high wavenumbers and frequencies. Remem-
ber this does not violate our argument that a flux of energy towards o = o must be accompanied by a
flux of particles towards w = 0. This argument is valid for the case of weak turbulence when E, = w,n,,
namely when the principal contribution to H is from its kinetic energy part [ [V¥|? dr. But for the
strongly nonlinear collapse, the potential energy component — | %I'JI’I4 dr is large and balances the kinetic
energy so that the energy carried by the nonlinear pulse is zero. In such a situation, there is no
contradiction in having a negative Q or a rightward flux of particles.

When there is strong damping at the origin, the number of particles fluctuates weakly as is shown in
figs. 11 and 12. The reason for this is that the gain-loss history of a particle in the left transparency
window is out of phase with the gain-loss of particles in the damping window near k = 0. One can

N(t) T 1 T 1'N(t)l T T T T 1 T T T INI(tl' T T T T
wof A~ ] 28000 ] o ]
4 \__—
2600] /\/\ 2400:\/\’2 2000]- i
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50 51 52 53 54 55 56 27 28 29 30 31 396 402 408 414 420
Time Time Time

Fig. 11. Time-evolution of N(t)=
flz/:l2 dr in the stationary state for run
A.

Fig. 12. The same as in fig. 11, but
for run B.

Fig. 13. The same as in fig. 11, but
for run C.
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t = 34.3341

t = 34.3359

t = 34.3378

Fig. 14. Snapshots of one collapsing cavity on the weak-
turbulent background. (a) Beginning of collapse, (b) peak, (c)
end of collapse.

roughly model the situations as follows. Let n,, be a typical particle number density in the window and
let n, be a typical particle density near k = 0. The former gains primarily through a nonlinear field from
the neighborhood of k, proportional to n2n,, and loses through a nonlinear interaction —n,,n3. On the
other hand, particles are lost at k, through linear damping 7y, and gain through a nonlinear interaction
nin, Write n,= —yn, +n%n,, n,,=yn, —n,n3',=d/dt, and we obtain the classical predator-prey
model. The equilibrium nZ =y, n? =1y is a center about which there are periodic orbits with periods
2'rr‘/y0—y , which is the behavior we observe. On the other hand, in fig. 13, the presence of many collapses
changes the picture so that there is a strong and immediate feedback from »n, to n, and, as a result, no
oscillations are seen.

In fig. 14 we show a single collapse in three stages of its life. Observe how large the fluctuations are
with respect to the weak turbulence background so that one can expect the tails of the almost Gaussian
distributions to be lifted if there are many of these events. As a measure of the effects of the collapses on
the weak turbulence background, we measured the fourth-order correlation in Fourier space

Ul g
Q(4)(k,,k2,k3,k4)=1m%/T W EWE

ZhikaTka ke Gy g 4k, =k, +ky, 76
0 (5,5,5:5)"° e 7:9)
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Fig. 15. Imaginary part of fourth-order correlation function Fig. 16. Imaginary part of fourth-order correlation function
for run A. for run C.
where

and
k,=(20,0), k,=(-20,0), k;=(0,20-p), k,=(0,-20+p).

If weak turbulence dominates, we expect this function to be nonzero. Only in the vicinity of a resonance
ki+ky=k;+k,, &, +d,=0;+ad, where &, =w, + I, the (slightly) amplitude modified frequency.
We note that when a = —1, there is indeed a peak at p = —1 (see fig. 15). The presence of collapses
acts like a perturbation of the double spectrum (a single frequency w has two free travelling waves
e *ivex=ior) and splits the resonance to p= —5 and +1 (see fig. 16). In a manner we do not yet know
how to interpret, the Gaussian nature of the weak turbulence theory is slightly modified by the
occurrence of collapse events obeying a Poisson distribution.

8. Conclusion

In this paper, we have presented the weak turbulent theory of a class of Hamiltonian systems of
nonlinear Schrédinger type and discussed the relevance of various equilibrium states. Our main attention
has been directed to the stationary situation where a balance is achieved between the input of particle
number and energy in a narrow window of intermediate wavenumbers (ko — Ak, ky+ Ak) and the losses
of particle number and energy through damping at the origin k = 0 and infinity k = » respectively. One
of our main points has been that the conservation of energy and particle number in the ranges of
wavenumbers (0, k, — Ak) and (k, + Ak, ) means that as energy density flows towards high wavenum-
bers, particle density flows towards low wavenumbers. The consequences of the buildup of particle
number near k =0 are nontrivial and lead either to the formation of condensates in the defocusing
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(a = —1) case or to collapsing filaments in the focusing (a« = + 1) case. In the former case, it is necessary
to introduce damping at k =0 in order to control the amplitude of the condensate. In the latter case,
because the condensate is unstable it is never reached. Instead, collapsing filaments are formed which
reverse the flux of particle number and induce a secondary flow which carries particles to high
wavenumbers. No damping at k =0 is required.

The primary flows of energy and particle number density were described by weak turbulence theory in
which the transfer of spectral densities are achieved by four-wave resonant interactions. The interactions
are local in the sense that the transfer functions st(#z,n,n) exists for classes of solutions n, in the
neighborhood of the Kolmogorov spectra. Because all nonresonant interactions are ignored, statistical
information is lost, and the solutions depend only on the values of the particle number and energy
density fluxes and parameters T and u, which we identify as temperature and chemical potential. For the
primary fluxes, all the usual Kolmogorov assumptions made in the context of hydrodynamic turbulence,
and listed below, are valid. In the secondary flux of particle number density, however, things are radically
different. The flow in wavenumber space is simply the manifestation of a collapsing filament in physical
space in which number density is squeezed from large scales to small scales in a highly organized and
coherent manner. No statistical information is lost. Statistical considerations are introduced by the
intermittent nature of these events, the uncertainty in time and space as to when and where they occur.
They are in all likelihood, governed by a Poisson statistics whose parameters depend on the flux of
particle number towards the origin. Because the events involve large amplitude fluctuations, their impact
on the probability density function of the field ¥(r,t) is to cause an elevation in the tails of the
distribution. In the remainder of this conclusion, we will argue that this mechanism for intermittency
consisting of (i) an inverse cascade associated with the spectral density of an additional finite flux motion
invariant, leading to (ii) a continuous formation of large-scale structures which (iii) are intrinsically
unstable to a broadband spectrum of perturbing modes which directly and quickly transfer power or
energy back to the small dissipative scales, in some cases through highly organized, collapsing solutions,
may have broad applications. In particular, we will look at its possible relevance for three-dimensional
hydrodynamics.

Before we begin, we want to note some important similarities and differences between two-dimen-
sional optical turbulence and practical manifestations of three-dimensional hydrodynamical turbulence.
In optical turbulence, there are situations in which it is reasonable to assume that number and energy
density production occurs at scales intermediate between the dissipation scales and overall box size. As
long as the ratio of the pumping rate v, to the insertion frequency w, is small, weak turbulence theory
obtains to a good approximation and there is room for the resulting inverse cascade. Since collapsing
filaments follow from a modulational instability which is most easily triggered when the spectral number
density has condensed at a single wavenumber, and in an infinite geometry this wavenumber is k =0,
damping at small wavenumbers, as we have shown (cf. compare figs. 9 and 10), severely inhibits
intermittency. If the box size were finite of linear dimension L and small enough that 2wl ~k,,
intermittency would still be present because of the tendency of the spectral number density to condense
at the smallest wavenumber available to the system. Collapses would form and there would be direct
cascades of both energy and number density towards k = . Indeed, even if L > 2mky 1 as the pumping
rate is increased so that the ratio y,/w, approaches unity, the rapid growth of N, the average particle
number, would mean collapses would form long before weak turbulence theory had a chance to come
into play and build an inverse cascade. In that case, too, number density and energy would exhibit direct
cascades. Intermittency effects would be large and in all likelihood overcome any relaxation to a
Kolmogorov-like spectrum.
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The appearance of a good approximation to the Kolmogorov spectrum at high wavenumbers means
that, in some sense, three-dimensional hydrodynamics is more like the weak turbulence case with a small
frequency of collapses. However, in that context, we are usually dealing with (a) decaying turbulence or
(b) turbulence created, usually through instabilities, at scales 2wk ! of the same order as the box size.
For (b), the integral scale of the turbulence, the length scale corresponding to the wavenumber at which
the spectral energy E(k) is maximum, is the box size. In this case, there will not be any inverse flux from
k, to smaller wavenumbers because there are none available to the system. Any intermittency which
occurs comes from collapsing filaments which arise from large-scale structures at the scale 2wk ! which
are either directly forced or else are built through an inverse cascade of the spectral density of the
second motion invariant from wavenumbers k such that k, <k < k,. We remark that just because
energy is inserted into the system at k, does not mean that the instabilities which introduce this energy
also produce the type of large-scale structure susceptible to fast instabilities of the collapsing filament
type. Furthermore, an increase in box size beyond the integral scale could leave room for an inverse
cascade and an increase in the frequency of events which lead to intermittency. It is quite possible that
this increase would never reach the point where one loses the Kolmogorov spectrum altogether and so,
in this sense, one might say that the behavior at small scales is independent of box size. Nevertheless, the
convergence to the Kolmogorov picture would be less uniform in the higher order moments.

Therefore, although the inverse cascade may not be the only mechanism to produce the structures
which give rise to intermittent collapses, there is no doubt that it can play some role. We will show that if
the spectral density of squared angular momentum is produced at a constant rate at some intermediate
wavenumber, then only a finite amount can reside in small scales and the rest must be reassigned to large
scales. Further, we suggest that this spectral density has the right character to produce the large-scale
structures (the analog of the condensate in optical turbulence) which can lead to collapsing filaments.
There is some experimental evidence that the incomplete burnout or dissipation of the filaments
themselves also give rise to larger scale eddies in the hydrodynamic context. Douady, Couder and
Brachet [22], using a new bubble visualization technique, observe that the short-lived high vorticity
filaments, which appear to form spontaneously, disintegrate through helical instabilities which stir large
eddies. In what follows, we simply discuss a plausible scenario, motivated by our observations in optical
turbulence. Direct verification of the role of an inverse cascade will probably have to await a more
complete understanding of the nature of the instabilities which result in intermittent events.

Kolmogorov [12] proposed a universal theory for small-scale eddies in high Reynolds number turbulent
flows. It rests on several assumptions, that the transfer of spectral energy to large wavenumbers is local
over a window of transparency (the inertial range) in wavenumber space, that statistical information is
lost in the cascade so that average flow quantities are scale invariant and determined by the mean rate of
energy flux €, which is constant in a statistically steady state. If E(k) is the spectral energy (u2= fE(k)dk)
then, for isotropic turbulence, the equation for E(k) is

aEa(tk) = T(k) — 2vk2E(k) + f(k), (8.1)

where T(k) is the energy transfer integral given by a linear functional of the third-order moment in
velocities. It is called a transfer integral because it neither produces nor dissipates energy and it has the
property that [T(k)dk = 0. The terms f(k) and —2vk2E(k) represent the production and dissipation of
energy. The former could be proportional to E(k) if energy is introduced by an instability process, but
we assume that its domain of support is confined to a narrow window. Between the range of
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wavenumbers (k, — Ak, k, + Ak), at which energy is produced, and the dissipation range R, = (ev~3)!/%,
where the —2vk2E(k) term is important, we assume there exists a window of transparency, the inertial
range, where both f(k) and —2vk2E(k) can be ignored. In this range, we assume the turbulence relaxes
to a stationary state E, = T(k) =0, but we will also assume that, in the neighborhood of the solutions
which realize this state, T(k) exists. This means that the interactions are local in the sense that the
integrand of T(k) (T(k) is an integral over a third-order moment) must decay sufficiently fast as |k’ — k[;
k', the integration variable, becomes large so that the integral exists. In the absence of dissipation and
forcing, (8.1) has conservation law form E, =T(k)= —P'(k), where P(k) is the energy flux, positive
when the flow of energy is to small scales and large wavenumbers. We remind the reader that we call
JPE(k)dk (usually a =0, b = ) a true constant of the motion if P(k)=0 at both k =a and k =b, so
that the total energy is trapped in the interval (a,b) for all time because of zero flux through the
boundaries. However, the presence of viscosity makes these thermodynamic equilibria uninteresting
because there is a constant leakage of energy through to the dissipation scales. Therefore, in any interval
(a, b) of the transparency window where a > k,, b <k, 3([?E(k)dk)/dt is zero by virtue of the fact
that the fluxes P(k) at k =a and k = b are not zero but the same. In this case, we call [?E(k)dk a finite
flux constant of the motion. In this paper, it is the finite flux constants which are important. Moreover,
within the window of transparency, the intervil (a, b) is arbitrary, so that then P(k) is a constant and
equal to the mean dissipation rate ¢ throughout the inertial range. From dimensional considerations
E()(13t72), k(I"1) and £(1%t™3) are related by the well-known Kolmogorov law E(k) =c,e*?k~3/3,
where c, is a universal constant. The relevance of such solutions to turbulence rests on the Kolmogorov
assumption that the energy dissipation rate ¢ = —d{u?) /dt = 2v[k?E(k)dk does indeed settle down to
a steady state value in which the energy production rate [f(k)dk is balanced by the dissipation rate.

What quantity or quantities in hydrodynamics can play the role of the additional finite flux motion
invariant? We will consider only the isotropic case and define the velocity correlations

W2F(r) =(u(x) u(x +r)) =[0°°F(k)cos(kr)dk (8.2)
and
w?*h(r) =(v¥(x)u(x+r)) = [kH(k)sin(kr) dk, (8.3)

\_N_here u and v are the velocity components parallel and perpendicular respectively to r and
u?= 153 (ufx))*=E, where E is the total energy. The Von Karman-Kowarth equation for the
velocity correlation f(r) is

'——7f(")+2uz 372 1 a 4h(r) leu arr g{ (8.4)

We have not included in (8.4) any forcing terms. From (8.4), we obtain formally

0 — 21 9 , _ E _
a—tu + rl_*OZu 73— h(r) = —ZVF = —g, (85)

00— . .—33/21 @ 49
-514 hm r3f(r) + rll_{rLZuz — 57 th(r) = —2u? hm ?a_r’ a{ (8.6)
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and

Rl
e, (8.7)

;’t—[ PF(rydr+ 22 [P n(n)] D = 2o
In (8.5)-(8.7), we have used the facts that as r — 0 (A is the Taylor microscale [—f"(0)]~'/?),
f(r)y—->1-r2/22% h(r)=ﬂ’(r3). (8.8)

In the absence of viscosity, eq. (8.5) expresses the conservation of energy. In the presence of forcing at
intermediate scales k;! and under the assumption that viscosity acts only after the viscous scales k3!,
the Kolmogorov assumptions assert that the turbulence relaxes to a steady state for which the dissipation
rate ¢ is constant, and moreover that it is the only relevant parameter besides the local scale £k~ ! in
determining the statistical behavior in the wavenumber window (kg, k4 = (ev~*)!/*). Eq. (8.6) could be
trivial if

M= limu u’r3f(r) (8.9)

is zero. If, however, M is nonzero, then it has the additional consequence that the quantity, whose time
derivative is given by (8.7),

L= meFr“f(u)dr (8.10)

does not exist. In this case, eq. (8.7) requires interpretation. If M is nonzero, then in (8.6), the viscous
term involving (1,/rX8/8r)r*df/dr tends to zero as r —» and so if A(r)=&(r~3) as r—> o, M is a
motion invariant,

aM /3t = 0. (8.11)

On the other hand, if M =0 and A(r) > cr~* as r >  (see ref. [21]), L exists and is almost a motion
invariant,

oL/ot= —22c= —pu. (8.12)

The quantity L is called Loitsyanskii’s invariant and represents a measure of squared angular momentum
4mlL =fr2<u(x) u(x+r))dr. (8.13)

Its existence was established by Batchelor and Proudman [23] under the assumption that at some initial
moment in time the turbulent field has convergent integral moments of the velocity distribution. These
authors showed that under similar conditions, the third-order velocity condition A(r) does not decay
sufficiently fast so that L is constant but found that A(r) = cr=* as r — », which leads to (8.12).
Nevertheless, we shall argue that in the case where L exists, L is a finite flux motion invariant in exactly
the same way that the energy E is and that its loss occurs at low wavenumbers near k = 0. We shall show
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that if the fluid is continuously stirred at intermediate scales k;', then the energy density E(k)
(E = [E(k)dk) flows to high wavenumbers at constant rate ¢ and the squared angular momentum
density J(k) (L = [J(k)dk) flows to low wavenumbers at the rate u.

The quantity

o 3
M= rli_r}l(r3f(u))=f0 (r3f)’dr=(4~rr)"j§<u,.(x) u,(x+r))dr (8.14)

corresponds to squared momentum. It is a true motion constant. Its existence and invariance was first
noted by Saffman [16). Saffman argues persuasively that M is not likely in general to be zero and
supports his argument by showing that if a turbulent field is generated by a distribution of random
impulsive forces with convergent integral moments of cumulants, equivalent to convergent integral
moments of the vorticity distribution at the initial time, thus M is nonzero and invariant.

In what follows, we will keep both options open so that when we discuss L we are assuming it exists
and that M = 0. To continue our arguments in wavenumber space, we now define spectral densities for L
and M. Consider

i(r) = j;wpr4f(r)dr=f:](k)cos(kr)dk (8.15)
and
m(r)=fr W(r3f(r)) dr=M—u2r3f(r)=f0M(k)cos(kr)dk. (8.16)

A little analysis will show that kJ' (k) and kM(k) are the Fourier integral sine transformations of wrf(r)
and uXr3f)’. The Fourier integral cosine transforms of these two quantities are respectively 3*F(k)/ok*
and k 8F /ak>® — 33°F /8k? and, using the relation

,0°F aF)

E(k) = %(k 2k (8.17)

between the one-dimensional Fourier integral cosine transforms F(k) defined by (8.2) and E(k)=
ink?y]_ ®,(k), where

1 fm(ul(x) U,(x+ r)> dr,

d)Im(k)= (2_“_)3 n

we have k 8°F /ok® — 392F /3k? is (3k~'E(k))’. Now Fourier integral cosine C(k) and sine transforms
S(k) are related through Hilbert transforms. (Observe that C(k) and S(k) can be defined by even and
odd extensions to negative k, that C(k)+ iS(k) is analytic for Im k > 0 and thus the assertion follows
from Cauchy’s theorem.) We find (note M = 0 does not imply M(k) = 0)

= kl _k H (8'18)

’ 4 '
(k) 1, = KI(K)dK 1= [0F(k) ek ] dk
. wl) _Tr-k K(ky=-2P[
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and

o 3E(k) 1= KM(K')dK 1, 1 3 3E(K) .,

wr =wP[ Tr—r - MK =-2P[ popap T Ak (8.19)
From (8.18), we obtain that, for small k,

BF 20 2

W=?fo J(K'ydk'= =L (8.20)
so that, integrating (8.20) and using (8.17),

E(k) = o=k, (8.21)

and for large k (fF(k)dk = [E(k)dk =E),

24FE
wk3’

kI(k) = (8.22)
Eq. (8.21) is the well known but often disputed result, that the spectral energy at large scales behaves as

k*. The consequences of (8.22) are nontrivial because it says that the amount of squared angular
momentum between k, and =

24E
5wk

[:J(k)dk= <. (823)

0

Therefore if squared angular momentum density J(k) is introduced at a constant rate at k, only a finite
amount can be absorbed in wavenumbers k > k, and since, as we will shortly show, there is no squared
angular momentum density sink at large wavenumbers, the flux of J(k) must be to small wavenumbers.
From (8.19), we have for small k that

E(k) =(1/67)Mk? (8.24)
so that when M is nonzero, the spectrum of E(k) near k is thermodynamic.
For large k,
M(k)=—-6E/mk* (8.25)

so that the amount of squared angular momentum between k, and « is
| M(k)dk = —2E/mk}. (8.26)
ko

Again, we see that if M(k) is produced at a constant rate in (k, — Ak, k, + Ak), most of it must drift to
small wavenumbers and large scales. Unlike squared angular momentum density, however, there is no
sink at low wavenumbers to absorb squared momentum density. Therefore, if M # 0, any large-scale
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structures produced by the buildup of M(k) at low wavenumbers must be unstable and the instability
must be fast enough to return squared momentum to high wavenumbers at its original production rate.

The equations for the spectral densities F(k), M(k) and J(k), corresponding to (8.5), (8.6) and (8.7)
are

aF(k)

+ T(k) = —21/( 2F+4[ dek) (8.27)

equivalent to (8.1) by applying the operator 1k23°/0k? — k 8/0k,

aM(k 2vu? (=1 0
a(t ) +T(k) = —— FaT r fcos(kr)dr, (8.28)
and
0.
1) | ryky = 42‘ 214 ¥ cos(iryar, (8.29)
0

where the transfer integrals 7}, j = 1,2,3, are

T(k) = =i A % 3 L) cos(hn)] dr, (8.30)

T,(k) = —%me:% 2 [#*h(r)] cos(kr) dr, (8.31)
and

Ty(k) = 22" f"’[c—r‘*h(r)] cos(kr) dr. (8.32)

When integrated over k, we obtain (8.10), (8.11), and (8.12). Observe that, in the absence of forcing, the
decay of E is caused by the viscous term in (8.27) because [T(k)dk =0, whereas this term gives no
contribution to the decay of L. On the contrary, the decay of L is caused by the large-scale behavior of
the third-order velocity correlation due to large range pressure forces. For example, if we take

rh(r) =cll - r2/(r2 +r?) + ...1 then Ty(k) = 2cu® 28(k) as r, — =, so that the dominant behavior in
JT(k)dk = —u arises from the neighborhood of k = 0. If we assert that u is constant and that, just as
the dissipation rate & plays an important role in the window of transparency (ky, ky), the squared
angular momentum flux rate x plays an important role in the window of transparency (ky=ri' ko),
then the dimensional considerations lead to the behavior

J(k) =c,u? k=107, (8.33)

We stress that there is no evidence to date that the requisite conditions of locality are satisfied for (8.33)
to hold. We also stress, however, that this law is not crucial to our argument that J(k) flows to small
wavenumbers.

[At this point, we digress to mention several curious results, the ramifications of which we do yet
attempt to build into the total picture. As we have mentioned in section 1, in the absence of viscosity and
helicity, the use of Clebsch variables A, . (# = AV + V@, (D/Dt) (A, u) =0, a, = FT(A + in)) allows us
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to recast the Euler equations in the form (1.14). From this it follows (3/3t)f(a,a}f)"dk is zero,
n=1,...,. Further, if one uses a Kraichnan direct interaction approximation in (1.14), one obtains a
kinetic equation for n,, n,8(k —k,) = (a,a} ), which formally possesses two Kolmogorov spectra
E, ~k~/% and E, ~ k~'. The latter corresponds to a constant flux of the density F, = (a,a%})" for n =1
and has the units of angular momentum. For general n, one obtains the spectrum E, ~k*", —1 < a(n) <
2 where, in the limit n — », the exponent a(n) is 2, which is exactly what obtains from (8.33),
corresponding to a flux of squared angular momentum. It is interesting that the two limiting conservation
laws both correspond to situations in which one assumes that the statistics are chiefly dominated by a flux
of a functional of angular momentum.]

No matter whether M or L is invariant, we have shown that, if produced at a constant rate at k,, the
corresponding spectral density will flow to small scales. The question thus is: what is the fate of these
“particles”? Do they condense into large scale structures as in the case of defocusing NLS or in
two-dimensional hydrodynamics, where mean squared vorticity density flows to small scales and energy to
large scales where it builds large vortices? Or do they behave as in the case of the focusing NLS, where
instead of building condensates, they nucleate collapsing filaments which return the energy to high
wavenumbers?

Our conjecture is that the inverse cascade of J(k) should lead to the formation of large vortical
structures just as the inverse cascade of particle number in NLS should lead to condensates. But in the
focusing case, we have seen that because these condensates are unstable, they never get a chance to
form. Instead, as soon as the particle number density reaches scales large enough to nucleate collapsing
filaments, the latter are formed and the inverse cascade is reversed. We can picture this in phase space
as follows. The phase point which represents the state of the system is attracted towards the unstable
manifold of the condensate which is a saddle point. So although the condensate itself is never realized,
its unstable manifold plays an important role in the dynamics. Likewise, in three-dimensional hydrody-
namics, we should look at the instabilities of large vortical structures although these structures
themselves will never get the chance to form. We know from the work of Bayly [24] that elliptical vortices
are unstable to a subharmonic resonance between the inertial wave ¢'*)'* with frequency w = 242 cos 6,
where (2 is the rotation speed of the vortex and cos 8 = £ - k/2k. The subharmonic resonance occurs at
6 = 37 and the window of instability depends on the amount of ellipicity (u = 2(—1 — a)y, (1 — a)x,0)
in the original vortex. The rate of growth of the instability is proportional to a and independent of the
wavenumber k and therefore the amount of energy which is inserted directly in short waves is largest
because the volume between k and k +dk between the two cones 3m(1 — Ba) <0 < ;w(l + Ba) is
proportional to k. Therefore, although the lowest energy configuration for a given amount of angular
momentum is a circular vortex, the distortion of a single vortex by its neighbors leads to three-dimen-
sional instability. One would expect the net effect of the instability is to restore an isolated elliptical
vortex to its circular shape, but the constant flux of squared angular momentum to low wavenumbers
keeps producing distorting fields. Again we expect the rate of energy feedback to large wavenumbers
through the instability process is directly proportional to the flux of squared angular momentum towards
k=0.

We remark that if M = 0, the existence of L means that squared angular momentum is J2 = p2([(r X
v)dV’)? is proportional to the fluid volume V (see ref. [25]). If M # 0, then the divergence of L means
that the ratio of J2 to V tends to infinity as }” — o and that large vortices may be even more important
than in the case of finite L.

Finally, if M # 0, one should also ask about the fate of squared lincar momentum as it reaches large
scales. At this time, we have no reasonable scenario to suggest.
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Appendix A

We show how to average the Dirac delta functions 8(k — k, — k,) and 8(k + k, — k, — k) over angles.
First we consider (8(k —k, — k,)). We find

fa(k —k,—k,)dode, do, = 217[5(1( — k, cos 8, —k, cos 0,) 8(k, sin 8, + k, sin 6,) d6, e,

4
(2k2k2 + 2k2k2 + 2k3k2 — k* — ki —k3)'*

= % = (A1)

Here
S = 1(2k2k2 + 2k2k3 + 2k3kE — k* — ki —k3)'” (A2)

is the area of a triangle with given size lengths, &, &, k.
Next we consider {8(k + k, — k, — k;)). Denote

fff/6(k+k1—kz—k3)d6d61d62d63=R.
Next, write
Sk +k, —ky—k3) = [8(k+k, ~A) (A —ky—ks)dA

=2~n/A'"'“6(k cos® +k,cosk,—A)8(ksin@ +k,siné,)
A

min

X 8(kycos 0, +kycos0;—A) (kysinf,+k,ysin ;) AdA,
where

Amin = max(1k — k|, 1k, — kjl),

min

A = min(k + k, k, + k3). (A.3)

So,

R=2wrj:\"“"/\d)\ff6(k cos 6+ k, cos 8, —A) 8(k sin 8 + k, sin6,) d8 d8,

min

X ff6(k2 cos 8, + k, cos 0, — A) 8(k, sin 0, + k, sin 8,) d6, d6;. (A.4)
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In each double integral in (A.4), one can change variables of integration and get

R=2'n'f)\"“"‘--1--><Si
2

Ada, AS
'~ (a5)

where S, and §, are the squares of the triangle with sides k, k, A and k,, k4, A respectively:

S, = %{[(k+k1)2—A2][)\2_ (k_kl)Z]}l/z, S, = %{[(k2+k3)2—A2][A2_ (kz_ks)Z]}l/z'

Therefore R is a complete elliptic integral of the first kind,

R— 167 [*m da’ 1 .
o {[(ky = 8)? = 2] [ (k; ~ k3)* - 2] / {[Ck+ 8= 2] [y + k)2 - 2]

(A.6)

Now recall that k?+kZ=k2+k2 With this condition the limits of integration in R have two
possibilities, A, =1k, — k3l Ay =k, + k3, 00 A =1k — k|, A, =k + k,. The result of integration is
the same for both cases and we find

R= 16 2( ki \kyk3)' (A7)
kk, +kyk, kk,+kyk, ’
where
w/2 dp
F(q)= .
'/;) (1-4* sinzp)l/2
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