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Abstract

We present a derivation of the Davey-Stewartson (DS) equation from its Lax Pair and solve for rational soliton
solutions by using the dressing method. We express the Kernel of the Marchenko function in terms of a separable
spectral function. We obtain solutions for the general DS in terms of 4 independent arbitrary functions chosen
to be polynomial and apply reductions to obtain regular and singular solutions (parameterized by 2 independent
functions) with physical application. We explore only when polynomials are linear functions. These solutions can
be adapted to other 2 + 1 integrable systems for which only the dispersion relation needs to be adapted.
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1 Introduction

Zakharov and Schulman a derive the Zakharov-Schulman system; a system of partial differential equations from
which one can obtain the Davey-Stewartson equations (DS) [9]. Fokas et al [2] presents the general Davey-Stewartson
equation as

2fz—(la*)- =0

and solves it on the half-plane. The quantity ¢ is a complex amplitude and f describes an underlying flow [4].
Applying the proper reduction one obtains the Nonlinear-Schrodinger (NLS) equation, given by

iQt+sz+QE:07 Z:$+2y7 xayaeRa t>0

Anker and Freeman derive Davey-Stewartson solutions by applying the Dressing Method in [1]. Their paper assumes
the spectral function is exponential in the physical variables

F.= A Aelw-l-nLy—i-nz
VY

where the phase of a soliton is parameterized by [, m, and n. In this approach, we use the same technique, but the
spectral function, F', is assumed to be polynomial. As a result, we obtain rational solutions of the general, unreduced
DS equations parameterized by 4 independent arbitrary functions.

Inspired by the Inverse Scattering Transform (IST), the Dressing Method (originally described in [10]) evolves
a spectral function in the time variable (a function representing the scattering data) and uses the Gelfand-Levitan-
Marchenko (GLM) equation

K(z,z)+ F(z,z2) —|—/OO K(x,8)F(z,8)ds =0 (1)

to transform the spectral function into a time evolved potential which solves a nonlinear PDE. We can obtain the
potential by taking a finite number of derivatives of the kernel

p(x) = (0 — 0.)"K (2, 2)| o=

We present two matrix-valued differential operators D; and Dy that the spectral function satisfies, D1 F = 0
and Do F' = 0 and derive the associated differential equation that the kernel K (x, z;y,t) satisfies to obtain solutions
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p = [I, K(x,x)] of DS. This is done by applying the operators D; and Ds to the GLM equation (1). Dj is a linear
differential operator in variables y, z, z and Ds is a linear differential operator in t,x, z. The z variable is a dummy
variable in the Kernel K.

Then we obtain rational function solutions by assuming rank 1 separability of the spectral function F', so that
I is expressed in terms of four independent functions to be appropriately chosen. This assumption in combination
with equation (1) forces K to be separable too. Then one can solve the GLM (1) for K in terms of F. Applying
reductions correctly, we reduce the number of independent functions and obtain regular and singular solutions. We
also obtain known forms of Dromion solutions.

Zakharov and Fokas applied the dressing method to a non-local Riemann-Hilbert problem [3] to derive dromion
and line dromion solutions to KP 1 and DS 1 equations. Dynamics of rogue waves in Davey Stewartson 2 equation [5]
uses Hirota Bilinear method to derive fundamental rogue waves and their interactions. In [11], Zhang et al. studies
lump and breather N-soliton solutions of the nonlocal Davey-Stewarston 2 equation derived using Darboux Trans-
formations. Exact solutions of Davey-Stewartson equations are obtained by Hirota’s Bilinear method in [6]. Gilson
and Nimmo study asymptotics of dromion solutions in [4]. Lou, in [7], provides a universal formula for creating
dromions, dromion lattices, breather, instantons, among other localized solutions. Lou et al. use the Hirota bilinear
method and then apply separation of variable to obtain dromion solutions in [8].

The structure of this paper is as follows. In Section 2, we derive DS from the Lax Pair formulation. Section
3 details the obtaining the general solution of the DS equations without reduction. Section 3 contains subsections
detailing possible solutions that can be obtained after applying a reduction. Sections 4, 5 give explicit derivation of
equations satisfied by the kernel K if D1 F = 0 and Do F = 0, respectively. Section 6 shows how we can extract the
DS Lax Pair from the GLM. i.e. the solutions we obtain are solutions of DS.

2 Derivation of Davey-Stewartson
Consider the Lax Pair of the form

U, =LV (2)
U, = MU (3)

where L = 19, + A and M = 92 + B. I will use the notation 97 := % to denote the n'" derivative with respect to
x. We define the matrices in our operators by

10 [0 »p _ b1 b2
S A R
Notice that I = o3 the Pauli basis matrix, A is the unknown potential of the Dirac operator L, and B is a matrix
component of the time evolution operator to be determined. To find a solution to the under-determined system
above, we impose the condition that partial derivatives commute. i.e. ¥, = W;,. The corresponding Lax equation
is
Ly — My = [L, M] (4)
For a given potential A, we will derive the associated time evolution operator B using (4). Note,
Lt = At My = By (5)
We compute the commutator [T, 07] of operators acting on the scattering potential ¥ in the following way
[T,00]% = (Toy —o2T)¥
=To ¥ — o1V
— T(OPW) — OX(T)

n

=T@Erw) ~ Y (Z) kT
k=0

(N (7 orFTok ) w
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For example,

[18,, B| = (10,B — BI9,)¥
= 10,(BU) — BI9, U
= I(B,¥ + B9, V) — BI9, T
= IB,V + BI,V — BI9,V
= IB,V + [I, B]0,¥

— (1B, +11.Blo, ) v
By convention, we drop the scattering potential ¥, but it is implied when doing the calculus of operators. Similarly,
[A, 2] = —Ayy — 24,0,
and using that pure differential operators commute
(L, M] = {I@m FAR B]
= [10,,02] + [10., B] + [4,02] + [, B]
=1IB, +[I, B0y — Ay — 24,0, + [A, B
So that we have

Li— M, =A, — B, (6)
[L,M] = IB, + [I, Bl0, — Ay, — 24,0, + [A, B) (7)

When equating the above two equations (by (4)) and matching orders of derivatives we see

o} : [I,B] —2A4, =0 (8)
0% : A —B,=1IB, — A +[A B] (9)

The first term in (8) evaluates to
[I B]: 1 0 bll b12 _ bll b12 1 0 . b11 blg . b11 —b12 _ 0 2b12
’ 0 —1] |ba1 b2 bar ba2| |0 —1 —ba1  —baa bar  —bao —2by1 0
so that by (8), we get

0 b1s 0 p, b1 Dz
2 -2 =0 = B=
{bﬂ 0 } {qr 0] [Qm bao

Next, we evaluate the terms in (9)

A, — B :—O bt blly Dy | _ *bny Pt — Pxy
Y _Qt 0 —Qzxy b22y qt + Gay *b22y

(1 0 bi1a Pz bi1z Pz
IB, = =
v 0 _1:| |:_Qza: baag qzx —ba2y

[0 pax
Azz =
|Gz O }

[A,B]ZAB—BA:—O P} [bn pﬂ_{bn px] [0 p]

g O] [—qz b2 —qz b2 g O
_ [-pge boop| _ [peg bup
| b1 p2q be2q  —pgx

—(P9) e (b2 — b11)p}
(bn - 522)q (pQ)m



Therefore, by (9), we get

bty Pt = Pay| _ |b1ie — (P@)z  (b2z —b11)p
Gt + Guy  —bagy (bi1 —b22)q  baox + (Pq)e

from which we derive the following set of equations from the diagonal entries
biiy + b11z = (P9)2 (10)
baoy + b22s = —(pq)z (11)

and from the off-diagonal entries, the terms in I B, cancel with A,, to obtain the coupled system of PDEs for which
we’d like to solve for the quantity bao — b1q

Pt — Pay = (b2 — b11)p (12)
Gt + qoy = —(b22 — b11)q (13)

by subtraction of equations (10) and (11), we get

(D11 — b22)y + (b11 — b22)2 = 2(pq) s

From the above equations, define u := bys — b7 and get a system of coupled PDEs

Pt — Pay = Up (14)
qt + Quy = —uq (15)
Uy + Uz = 2(Pq)a (16)

We can get rid of the presence of u in the above equations by solving for v in (14) and computing its partial derivatives

(ptx - p.mcy)p — Pz (pt ~ pxy)

u =
xr p2
_ (Pty = Payy)P — Py(Pt — Pay)
Yy 2
p
Similarly, using equation (15)
 (9te + Guay)q — 4o (Gt + Gay)
Uy = — 5
q
(g~ ayy)a — (@ + qay)
Uy = — 7

Summing the partial derivatives, using the property (16), we obtain
(&z + 6y) (Pt = Pay)p — (Pt = Pay) (6& + 8y)p = 2p*(pg).
(ax + ay) (@t + Qoy)a — (@t + day) (am + c’?y)q = —2¢°(pq)a
We can write equations for p and ¢ in the form
[((’)x + 8y) Dt — pxy]p = 2p*(pg)=
{(81; + 3y) ,q+ qgcy:| 4= —24"(pa):
Applying the reduction p = 4g, we obtain the Davey-Stewartson equation
(82 +0,) 01 % pay | 9 ¥ 20292 = 0 (17)
Notice applying the reduction to our system of coupled PDEs (14,15,16) results in the form

Pt + Pry = up (18)
uy +ug = 2(|pf*)s (19)

Using a variable substitution z = x + iy, and replacing ¢t — it and y — 4y, the above equations are equivalent to that
used by Fokas et al.



3 Solutions of Davey-Stewartson equation
Suppose we require the function F' to satisfy the linear equation D1 F = 0 where
D\F :=0yF +10,F +0.FI =0 (20)

where I = o3 is the Pauli basis matrix. By applying D; to the Marchenko equation,
K(z,z)+ F(z,2) +/ K(x,s)F(z,s)ds =0 (21)

we can derive the equation that K satisfies
OyK +10, K +0,KI+[I,K(z,z)]K=0 (22)

or symbolically, D1 K + [I, K(x,z)] = 0. We denote p(x) := K(z,z) to be a solution of (17). Now suppose that F is
off-diagonal and K is unknown and expressed in the form

0 F12 I Kll K12
[Fm 0 ] |:K21 K22]

After substitution of these matrices into equation (21), we obtain the following entry-wise equations from the top
row

Kui(z,2) + / Ki(2, 8) Pas (5, 2)ds = 0 (23)
Kio(z, z) + Fia(z,2) + / Ki1(z,8)Fi2(s,2)ds =0 (24)
We also note
. 0 Klg(l‘, .%')
nK@al=2| gt

We begin by assuming F' is a rank 1 separable function. Let F(z,z) = f(z)g(z) where f and g are diagonal and
off-diagonal matrices, respectively. Notice that their product will be an off-diagonal matrix of the form of F.

o[t oLty 47

921(2)
so that,
— F(z,2) = |:f2($)(f)]21(2) fl(if)glz(z)} (25)
Then equations satisfied by the factors of F' when acted upon by D; (defined by (20)) are D1F = Dy(f - g) =0
Oyf1 + 0z f1 =0, Oyfo —Oxfo=0 (26)
Oyg12 — 0912 = 0, Oygo1 +0.921 =0 (27)

creating four unknown functions, f1 = fi(y — ), fa = fo(y + ), 912 = g12(y + 2), 921 = g21(y — 2). We assume K is
also separable, K = K;(z)g(z), where K; has the form

so that

Therefore,



By substituting equations (28), (25), and (29) into (21), we extract the following equations from the top row

oo

Riala) + Kuo) [ gua(s)als)ds =

€T
oo

Km@+ﬁw+KM@/zm@h®®:0

x

and from the bottom row

oo

Rﬁ@+h@+me/sm®h@@:0

x
oo

Ko (z) + ffm(@/ g21(8) f1(s)ds =
Denote the integrals A = [ g12(s) f2(s)ds and B = [ g21(s) f1(s)ds and we rewrite the above system as
KnA+Kip=0
Knu+K;pB=—f

-]

Denote the determinant of the above matrix as A := AB — 1 and apply Kramer’s rule

or consider it in matrix multiplication form

~ 110 1 fi ~ 1A 0 —Afy
K= — =21 Kig= — =
11 A ’_f]_ B‘ A ) 12 A ' 1 _fl A
Similarly, we obtain the following quantities from the bottom row equations
” lLi—fy 1| _ —Bf g LIA —fof _ fo
K = — = K = — — =
21 A ‘ 0 B’ A I 22 ‘ A

Therefore, we can obtain soliton solutions of the DS equation in terms of 4 unknown functions, fi, f2, g12,g21 that
each have implicit dependence on y determined by equations (26) and (27)

play) = 2K1a(x, 21y) = 2K11 (239)g12(7; y) (30)
2f1(y — 2)g12(y + ) (31)
(S gt )y + 9ds) ([ gy - )iy — 9)ds) 1
Similarly,
q(x;y) = —2Koi(x,23y) = *fozz(x;y)gm(m;y) (32)

:(f 912y+s)f2y+sds>(f g21(y —Sf1( —s)ds)—l

3.1 Example

Consider the example when our 4 independent functions are linear functions (we omit the case when they are
constant). Let fi(z) = mz, fa(z) = nz, g12(x) = ax and go1(z) = bz. So that F looks like

Fle,2) = mx 0 0 az| | O amxz
LEZ1 0 nx||be 0| T |bnaz 0
We can express the integrals A and B as follows

oo

A:Lmn(y+s)a(s+y)ds:an/

x

1
(y% + 2sy + s%)ds = an (y2x + x%y + §x3>

[o ] o0 1
B = / b(s—y)m(s—y) = bm/ (y? — 28y + 5%)ds = bm(y% — 2y + §x3)
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Figure 1: The top is a 3D surface of the singular solution (35). The bottom left is a cross-section when y = 0. The
bottom right is a cross-section when = = 0.

Then we can express a solution

2m(y — x)a(y + x)
abmn(y2x + 22y + %x?’) (y% — x2y + %m?’) -1

p(r,y) =

2am(y? — x?)

abmn(y4x2 — tyPat + %IG) -1

3.2 Complexification and reduction

Suppose that we make the variable y purely imaginary (y — iy). Then our four independent functions can be
expressed as

fhi=hlly—2),  fo= fa(z +iy)
g1z = g12(2 +1y), g1 = g2 (iy — 2)
Let’s define the complex variable £ = x + iy and apply the reductions p = +¢ to equation (31) and (33) to obtain

1221~ = 31 (Dna(©) (36)



If the following reductions are imposed
(=€) = £fa(€) (37)
912(—§) = £g21(¢) (38)

Note that there are 4 reductions due to the choice of signs in equations (37) and (38). To obtain solutions, we apply
one such substitution of the reduction into the solution, and apply complexification of the variable y — iy. If the

signs of the reduction match —, — or 4+, +, we obtain singular solutions
Peing(@ ) = 2f5(x — iy)gos (—x — iy) (39)
(17 on i — )i+ ) (2 gm iy — 9 Tate — )) 1
_ 2f2(z + iy)gar (—x + iy) (40)
(2 921Gy = ) Faliy + )ds ) ([ 921Gy = ) s + i)ds) — 1
_ 2f2(x + iy)go1(—z + iy) (41)

2
(f;o go1(iy — s) fo(iy + s)ds) -1
If we consider reductions with opposite signs —, + or +, —, we obtain regular solutions
—2f5(x — iy)gos (—2 — iy)
(59 i )i+ 5308) ([ gm iy T 9)05) 1
—2f2(x +1y)gar (— + iy)
(f go1(iy — 8) fa(iy + s ds)(fooggl (iy — 8) fo(s +1y)ds ) 1
2f2(x + iy)go1 (—2 + 1y)
2
(f;o g21(iy — 8) f2(iy + s)ds) +1

Preg(T;y) =

One can see how similar these two solutions are. Now we’'ve expressed our solution in terms of 2 independent
functions (instead of 4). If we suppose f2(§) = &, g21(§) = & are identity functions, we get

2(z — iy) (= — iy)

p(xsy) = (42)
(f;o( iy —s)(iy+ s ds)(f (iy — s) s—zy)ds) -
S 2(fc+1y)(:c+zy) (43)
(fm (iy — s)(iy + s)ds) (fz (1y — s)(s + iy)ds) -1
—9 2 2
_ . (z +yoo) (44)
( — fm (y? + 52)ds) ( — fw (y2 + sz)ds) -1
-9 1‘2 +y2
h ( 2) (45)
(yzx + %x3) -1
if both fy = ¢ and go1 = d are constants, we get
2cd
46
p(a? y) |Cd|212 1 ( )
if f5 is linear and g3 = ¢ € C is constant, we’d get
2¢(x + 1y)
cy) = 47
p(z39) |c|?(iy + 3x)%22 — 1 (47)
if one assumes that fo is constant and g2 is linear, one obtains
2¢(—x+ 1y
p(z;y) = ( ) (48)

e[2(iy — T0)2a? 1
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Figure 3: Choose m; =mg=0and ¢c; =co =1

3.3 Dromion solution
We can obtain known dromion solutions by imposing the conditions that f, = g1 and f, = #+go; which turns
equation (31) into
2f1(iy — =) fo(iy + =)
2 Aoty + ) 2ds ) (S 1 aliy = s)Pds) 1

plz,y) = (
Suppose we chose f1(§) = m1€ + ¢; and f2(€) = ma€ + c2, we can recreate many solutions. See figures (3,4,5)

4 Matrix valued differential Operator, D,
Consider the differential operator

DiF = 0,F + 10,F + 0.F.J

10
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where I = o3 and J is unknown. We impose that D1 F = 0 (i.e. F satisfies this linear relation). We will derive the
equation that K satisfies. When D; is applied to the matrix valued version of equation (21), we must compute

oo

Dy ( /:O K(x,8)F(s, z)ds) = / (OyK + I@mK)F(s, z)ds + IK(x,x)F(x, z)

x

+/°O K(m,s)<8yF+5ZFJ)ds

We note that if D1 F(z,z) =0, so does D1F(s,z) = 0. so we use the identity 0,F + 0,FJ = —I0,F

oo

Dy ( /:O K(x,8)F(s, z)ds) = / (GyK + I@wK)F(s, z)ds + IK(x,2)F(x, z)

x

+ /Oo K(z, s)( - 165F> ds
Then apply integration by parts
/oo K(z, s)( - I@SF) ds = —K(z,2)IF(z, 2) + /oo 8, K (x, $)IF (s, 2)ds
So that the full expression is
D(LMKW@F@QM):Lm@MAJ@KVEJMHJK@mF@@—K@wﬂn%@
+/m&K@Jﬂﬂ&@M
- /OO (8yK +I0,K + 681([) Fds + [I, K (z,)|F
- /Oo DiKFds + [I, K (z, )| F

Note that for the operator acting on K to match the operator acting on F', we require J = I. Therefore, applying
D, to (21), using F = —K — K % F, and denoting u(z) = K(z, z)

DK + DiK « F — [[u(2)](K + K * F) =0 (49)
If we define the augmented operator Dy := Dy — [I, u(z)], then K satisfies

DK +D1K+«F=0 (50)
— DIK=0 (51)

Note that equation (50) represents an integral equation which holds true for all F'. By the Fredholm alternative, we
obtain equation (51)
5 Matrix valued differential operator, D,
Now suppose we consider the differential operator Dy defined by
DyF = 0,F + 9*F —0°F =0

We will derive the corresponding equation that K satisfies. As usual, we apply Ds onto equation (21). Below we list
the partial derivatives of (21) making up Dy
Kt+Ft+Kt*F—|—K*Ft:O
Kpw+ Fop + 2K, F+KF, + Ky, s F =0
K. .+F,+KxF,,=0

16



Note that inside the integral when x = s, F' satisfies F; + Fss — F,, = 0. We express F,, = F; + Fs;, substitute this
into the last equation above to get

O?°K (x,2) + 02F (x, 2) + / K(xz,s) (6tF(s, 2) 4+ 0%F (s, z))ds =0

= 0?’K(z,2) + 0°F(x, 2) +/ 02K (x,8)F(s,2)ds
—I—/ K(x,8)0:F(s,z)ds + / K(z,5)0?F(s,2)ds = 0

x fL'OO
— 0’K(x,2) + 0°F(x,2) + / 02K (x,s)F(s,2)ds
x
—|—/ K(x,s)0F(s,z)ds + K(x,2)0, F(x,2) — 0 K (v, 2)F(z,2) =0
Express the last equation above symbolically
K+ Foo 4 K5 F+ KFy — K,F + Koo % F =0

Thus, apply Ds to equation (21),

DoK + DyF + DoK * F+ K % Fy + 2K, F + KFy — K+ F, — KF, — K,F =0
DoK + DyF + DoK % F+ K, F =0

Now we can express F' = —(K + K x F') and substitute into the above equation

DoK + DyK*F — K, K — K, K+« F =0
DyK — K K + (DK — K,K)« F =0

For which we can define the augmented operator Dg := Dy — K, (x,x) such that K satisfies

DyK + DyK «F =0 (52)
— DK =0 (53)

Therefore, K satisfies the PDE
WK + 0,0 K — 0,, K — 0, K(x,2)K =0 (54)

The corresponding potential is p(x) = 0, K (z, z).

6 Extracting the Lax Pair
If we were to suppose K(z, z;y) = VU (z,y)¥o(z,y) and substitute this into equation (51), we obtain
U, Wo + U, + 10, W + U, T — [I,u] U, =0
(Uy + 1V, — [I,u|V)Vo + ¥(Vo, + ¥o.I) =0
resulting in the following system of equations
U, + IV, — [I,u]¥ =0 (55)
Wo, + Vol =0 (56)

Substituting a similar ansatz, K(z, z;t) = U(x,t)Uo(z,t), into equation (54) we obtain

TP, =0

Z=T

Wy + Wy + Wy o — Do — (W, 00)

Z:m\y)% + @(%t + \I/Ozz) -0
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from which we can derive the system of equations

U, + W,y — (W, W) W =0 (57)

Z=T

Wor + Wp,, =0 (58)

From equations (55) and (57) we can extract the Lax pair
Ly =10, —[I,u]
LQ = 8&097 — (\I/I\Ijo)

Z=XT

so that our Lax equations can be expressed as

7 Conclusion

We've derived the Davey-Stewartson equation from within the Lax Pair framework. Then we’ve applied the dressing
method to express the Kernel of the Marchenko equation in terms of a rank 1 separable spectral function. Potential
well solutions of the Davey-Stewartson are extracted from some number of derivatives of the diagonal of the Kernel
and are parameterized by 4 arbitrary functions. We impose reductions to construct normal solutions as well dromion
solutions in terms of 2 arbitrary independent functions. We choose these functions to be linear and constant and
plot examples of rational solutions only in the case that the independent functions are linear functions. However,
this class of functions is much bigger and one can choose any polynomial.

The solutions presented here are static in time and are general solutions of the Dirac operator. We do not study
time dependence in this paper. However, time dependence would be extracted in the same way spatial dependence
was attained using equations (26) and (27). Instead, we’d apply Da(f - g) and note that with the second order
dispersion relation, our independent functions evolve according to the heat kernel (for real ¢) and according to the
Schrodinger equation (for imaginary ¢). We’d expect this surface to oscillate in time in the latter case.

If we were to change the dispersion relation in the Lax Pair, say equip the Dirac operator with the 3rd order
dispersion (giving the 2+ 1 MKDV equation), the solutions presented here still hold. The only difference is the time
dependence of the independent functions.
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